A HEAT TRANSFER TEXTBOOK

SIXTH EDITION

SOLUTIONS MANUAL FOR CHAPTER 11

by
JOHN H. LIENHARD V
and

JOHN H. LIENHARD IV

PHLOGISTON
CAMBRIDGE
PRESS MASSACHUSETTS



Professor John H. Lienhard V
Department of Mechanical Engineering
Massachusetts Institute of Technology
77 Massachusetts Avenue

Cambridge MA 02139-4307 U.S.A.

Professor John H. Lienhard IV
Department of Mechanical Engineering
University of Houston

4800 Calhoun Road

Houston TX 77204-4792 U.S.A.

Copyright ©2024 by John H. Lienhard V and John H. Lienhard IV
All rights reserved

Please note that this material is copyrighted under U.S. Copyright Law. The
authors grant you the right to download and print it for your personal use or
for non-profit instructional use. Any other use, including copying, distributing
or modifying the work for commercial purposes, is subject to the restrictions
of U.S. Copyright Law. International copyright is subject to the Berne
International Copyright Convention.

The authors have used their best efforts to ensure the accuracy of the methods,
equations, and data described in this book, but they do not guarantee them for
any particular purpose. The authors and publisher offer no warranties or
representations, nor do they accept any liabilities with respect to the use of
this information. Please report any errata to the authors.

Names: Lienhard, John H., V, 1961- | Lienhard, John H., IV, 1930-.

Title: A Heat Transfer Textbook: Solutions Manual for Chapter 11
/ by John H. Lienhard, V, and John H. Lienhard, IV.

Description: Sixth edition | Cambridge, Massachusetts :
Phlogiston Press, 2024 | Includes bibliographical references
and index.

Subjects: Heat—Transmission | Mass Transfer.

Published by Phlogiston Press
Cambridge, Massachusetts, U.S.A.

For updates and information, visit:
http://ahtt.mit.edu

This copy is:
Version 1.07 dated 3 April 2024


http://ahtt.mit.edu

ProOBLEM 11.1 Derive eqns. (11.9).

SoLuTiON  Using eqns. (11.2,4,6,8):
meo= P aMi M
e MY M
a_pM_ m/M

x. = DD e e —
e M kak/Mk

ProBLEM 11.2 A 1000 liter cylinder at 300 K contains a gaseous mixture composed of
0.10 kmol of NH;, 0.04 kmol of CO,, and 0.06 kmol of He. (a) Find the mass fraction for
each species and the pressure in the cylinder. (b) After the cylinder is heated to 600 K, what are the
new mole fractions, mass fractions, and molar concentrations? (c) The cylinder is now compressed
isothermally to a volume of 600 liters. What are the molar concentrations, mass fractions, and
partial densities? (d) If 0.40 kg of N, is injected into the cylinder while the temperature remains at
600 K, find the mole fractions, mass fractions, and molar concentrations.

SOLUTION
a) By eqn. (11.6), noting that the total number of moles is 0.1 + 0.04 + 0.06 = 0.2 kmol,

Xng, = 0.1/0.2 = 0.5
Xco, = 0.04/0.2 = 0.2
Xge = 0.06/0.2 = 0.3
and with eqn. (11.8)
M = (0.5)(17.03) + (0.2)(44.01) + (0.3)(4.003) = 18.52 kg/kmol
Thus, from eqn. (11.9)
myy, = (0.5)(17.03)/(18.52) = 0.460
Mo, = (0.2)(44.01)/(18.52) = 0.475
my. = (0.3)(4.003)/(18.52) = 0.0648
The pressure, from eqn. (11.13), is
p = cR°T = (0.2 kmol/m3)(8314.5 J/kmol-K)(300 K)
=4.99 X 10° Pa

b) The mass fractions are unchanged. The total pressure, like the temperature, is doubled,
p = 2(4.99 X 10°) = 9.98 x 10° Pa. Then, with eqn. (11.15),
Pnu, = (0.5)(9.98 X 10°) = 4.99 x 10° Pa
Pco, = (0.2)(9.98 X 10°) = 2.00 X 10° Pa
Pue = (0.3)(9.98 X 10°) = 2.99 X 10° Pa
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¢) The mass fractions are still unchanged. The molar concentrations are

cnm, = 0.1 kmol/0.6 m* = 0.167 kmol/m?
cco, = 0.04 kmol/0.6 m* = 0.0667 kmol/m>
Che = 0.06 kmol/0.6 m3 = 0.100 kmol/m?

From eqn. (11.4), the partial densities are

pxu, = (0.167)(17.03) = 2.84 kg/m?
pco, = (0.0667)(44.01) = 2.94 kg/m?
Pre = (0.100)(4.003) = 0.400 kg/m?

d) We have added (0.4 kg)/(28.01 kg/kmol) = 0.0143 kmol N,.

Xxn, = 0.1/0.2143 = 0.467

Xco, = 0.04/0.2143 = 0.187
Xpe = 0.06/0.2143 = 0.280
X = 0.0143/0.2143 = 0.0667

The molar mass of the mixture is

M = (0.467)(17.03) + (0.187)(44.01) + (0.280)(4.003) + (0.0667)(28.01)
= 19.17 kg/kmol

Thus,

My, = (0.467)(17.03)/(19.17) = 0.415

Mo, = (0.187)(44.01)/(19.17) = 0.429
My, = (0.280)(4.003)/(19.17) = 0.0585
my, = (0.0667)(28.01)/(19.17) = 0.0975

The molar concentrations calculated in part (c) are unchanged. For Nj:

Cge = 0.0143 kmol/0.6 m? = 0.0238 kmol/m3

PROBLEM 11.3  The pressure of Jupiter’s atmosphere increases with depth. The famous
clouds of Jupiter are in a layer called the troposphere, in which the pressure rises from
0.1 bar to 10 bar. The top of the troposphere, called the tropopause, is about 50 km above
the clouds and is at 0.1 bar and 110 K. The atmospheric mole fractions of hydrogen, helium,
and methane are xy, = 0.86, Xy, = 0.136, and xcy, = 0.0018. Other species have small but
localized concentrations, e.g., in the troposphere’s clouds of ammonia ice. (a) Calculate the
molar concentrations and the partial densities of H,, He, and CH, at the tropopause. (b) Find
the number of hydrogen atoms per unit volume (number density), Ny, at the tropopause.
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(c) Estimate Ny, at the base of the Jovian troposphere, where the pressure is 10 bar and the
temperature is 340 K.

SOLUTION
(a) From eqn. (11.13)
5
c= P 0.1 107 Pa = 0.01093 kmol/m>

~ R°T ~ (8314.5 J/kmol-K)(110 K)
and with x; = ¢;/c,
¢y, = (0.86)(0.01093) = 0.00940 kmol/m® = 9.40 mol/m’
e = (0.136)(0.01093) = 0.00149 kmol/m3 = 1.49 mol/m?
cc, = (0.0018)(0.01093) = 0.0000197 kmol/m* = 0.0197 mol/m>
With eqn. (11.4),
pi = Mic;
and molar concentrations in kmol/m3
pu, = (2.016)(0.00940) = 0.0190 kg/m?
One = (4.003)(0.00149) = 0.00596 kg/m3
pcu, = (16.04)(0.0000197) = 0.000316 kg/m?
where the molar masses, in kg/kmol, can be taken from Table 11.3 or elsewhere.

(b) The number of molecules of species i per unit volume is Nyc; where N4 is Avogadro’s
number. So, working in mol,

Ny, = (6.0221 X 10* molecules/mol)(9.40 mol/m?)

= 5.66 X 10%* molecules/m?>

(c¢) From eqn. (11.13),

p 10 x 10°
T R°T ~ (8314.5)(340)
If we estimate the mole fraction to be the same as for the upper atmosphere, and now
working in kmol

C = 0.354 kmol/m3

NH2 = NAxH2C
= (6.0221 X 10%° molecules/kmol)(0.86)(0.354 kmol/m?)

= 1.83 X 102 molecules/m>

Misc. facts about Jupiter’s atmosphere: The atmosphere of Jupiter continues smoothly
from the gas phase to a supercritical fluid phase as the pressure rises. Ammonia is present
in the troposphere, and condenses to form clouds. Water is present deeper in the tropo-
sphere. Neon is dissolved into liquid helium and transported downward by helium rain.
Photochemistry in the upper atmosphere can produce ethane and ethyne. Elements present
in the upper atmosphere are fully reduced by combination with hydrogen. Convection in
the troposphere transports some molecules vertically, giving rise to geographic patterns of
molecular abundance.
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ProBLEM 11.4 In Example (11.2), suppose that the only gases at the s-surface are CO,
O,, and N,. As before, assume that mq,  is very small. Find jy, 5, iy, 5, and my, .

SoLuTtioN  From eqn. (11.21)

Zji =0= jcos + Jo,s T INys
i
Answer

JNys = —Jcos = Jo,s = —45.7+26.7 = =19.0 g/m*s ———

Answer
No N, flows through the s-surface or reacts there, so ny, s = 0. «—
The diffusion flux of N, toward the wall simply opposes the mass-average velocity away

from the wall. Therefore, with eqn. (11.20)
nN,s = 0= my,,sNs + sz,s

JNys  19.0
= — = — =0.95
MNes = T T T 200

Another way to get the same answer is with eqn. (11.3):

Answer
My,s =1—Mcos—Mo, s =1—005-0=095 ——

PrOBLEM 11.5 Small automobile batteries commonly contain an aqueous solution of
sulfuric acid (H,SO,) with lead and lead oxide plates as electrodes. Current is generated by
the reaction of the electrolyte with the electrode material. The reaction at the lead electrode
(the anode) is

Pb(s) + HSO,~ —> PbSO,(s) + H" + 2¢~

where the (s) denotes a solid phase component. If the current density at such an electrode is
i = 5 mA/cm?, what is the mole flux of HSO,~ (bisulfate) to the electrode? Recall that the
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charge of an electron is —1.609 X 107'° C and that 1 A = 1 C/s. What is the mass flux of
HSO,~? At what mass rate is PbSO, produced? A what rate does H" flow away from the

electrode?

SoLuTION  Two electrons are released for each mole of bisulfate reaching the electrode,

so we may write the current in terms of the mole flux of HSO,~ through an s-surface just
over the electrode:

i = 5mA/cm? = 2(1.609 X 1071 C)(6.0221 X 10%® kmol/kg)(Nysos s kmol/m?s)

Solving
Nowo = (5x1072/10%) A/m?
HS045 ™ 2(1.609 x 10-19)(6.0221 X 1026)

A g
= 2.580 X 10~7 kmol/m?s "

The mass flux is just
}’LHSOLS = MHSOZNHSOZ,S = (9706 kg/kmOI)(ZSSO X 10_7 kmOI/mZS)

Answer

= 2.504 X 10~° kg/m?s «—«——

The electrode reaction creates one mole of PbSO, for each mole of HSO, ™ reaching the
electrode, so

r f)lbso4 = MPbsoi—NHsoz,s
= (303.3 kg/kmol)(2.580 X 10~7 kmol/m?s)
Answer
= 7.825 X 10~° kg/m?s «—-——
H" ions flow away at the rate of one mole per mole of HSO, ™, so

—7 2 Answer
Ny+ 5 = —Nyso;,s = —2.580 X 1077 kmol/m*s ~ «———

PrROBLEM 11.6 In catalysis, one gaseous species reacts with another on the surface of a
catalyst to form a gaseous product. For example, butane (C4H;,) reacts with hydrogen on the
surface of a nickel catalyst to form propane (C3Hg) and methane (CH,). This heterogeneous
reaction, referred to as hydrogenolysis, is

Ni
C4H10 + Hz b C3H8 + CH4
The molar rate of consumption of C,H;, per unit area in the reaction is

RC4HIO = A(e_AE/ROT)pC4H]() pﬁ224
where A = 2.9 X 10° kmol/m?s, AE = 1.9 X 108 J/kmol, and p; is in atm.

(@ If pc,n,ps = Poyg,s = 0.2 atm, peg,,s = 0.17 atm, and py, s = 0.3 atm at a nickel
surface with conditions of 440°C and 0.87 atm total pressure, what is the rate of con-
sumption of butane?

(b) What are the mole fluxes of butane and hydrogen to the surface? What are the mass
fluxes of propane and methane away from the surface?
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(c) What is v y,,,s What are vg and vg?
(d) What is the diffusional mole flux of butane? What is the diffusional mass flux of
propane? What is the flux of Ni?

SOLUTION
(a)
1.9 x 108

(8314.5)(440 + 273.15) (0.2)(0.3)~2%4

RC4H10 = (2.9 X 10%) exp| —

Ans
= 1.27 X 1074 kmol/m2s "

(b) Let a negative flux be toward the surface and a positive flux be away from the surface.
Then, from stoichiometry:

. Answer
RC4H10 = _NC4H]0 = _NHz,S = +NC3H8,S = +NCH4,S —
The mass fluxes are n; = M;N;. With My, = 44.09 kg/kmol and My, = 16.04 kg/kmol,

we find
e, = (44.09)(1.27 X 107%) = 5.58 x 1073 kg/m?s

A <
= 5.58 g/m?s —

Nep,,s = (16.04)(1.27 X 107%) = 2.03 x 1072 kg/m?s

A
=203 g/m?s  — o

(c) Witheqgns. (11.17) and (11.4)

UCHyg,s = nC4H107S/pC4H10,S = NC4H10’S/CC4H10,S
With eqn. (11.12)
c _ Peigs _ (0.2)(101325)
CaHlioss ™ RoT (8314.5)(440 + 273.15)
so the species average speed, which is negative because it is toward the surface, is

—1.27 X 10_4 Answer
UC,Hyo,s = 3418 % 103 = —0.00372 m/s ——

= 3.418 X 1073 kmol/m?

Answer
No net mass flux occurs at the surface of the catalyst, sov = v* =0. «——

(d) Because v = v* = 0,n = N = 0 and eqns. (11.20) and (11.24) show that the total and
diffusional mass and mole fluxes are equal. Nickel is a catalyst and has no flux.

CoMMENT: In these experiments, the catalyst material contained 5 wt% Ni and had a BET
area of 240 m? per gram of catalyst. The reported reaction rates were given in mol h=! ggl.

REFERENCE:

G. Leclercq, L. Leclercq, L.M. Bouleau, S. Pietrzyk, R. Maurel, Hydrogenolysis of sat-
urated hydrocarbons: IV. Kinetics of the hydrogenolysis of ethane, propane, butane, and
isobutane over nickel, Journal of Catalysis, 88(1):8—17, 1984, https://doi.org/10.1016/0021-
9517(84)90044-7.
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PrROBLEM 11.7 Show that D;, = D,; in a binary mixture.

SoLuTtioN  From eqn. (11.21), J_; + ]_; = 0, and so, with eqn. (11.26)
h=-h
—pD1,Vmy = +pDy Vi,
=D, Vmy = Dy Vi,
But with eqn. (11.3)
V(im; +m,)=V(1) =0
so —Vm; = —Vm,. Substituting into the previous equation

=D, Vmy = =Dy Vmy

Answer
Dy =Dy —

ProBLEM 11.8 Using the definitions of the fluxes, velocities, and concentrations, derive
eqn. (11.30) from eqn. (11.26) for binary diffusion.

SoLuTiON  From eqns. (11.26), (11.19), (11.30) and (11.23)

J1==pD1Vmy = py(0; — D) (*)
fl = —cD, VX, = ¢(0; — U%)
With eqns. (11.16), (11.3), (11.22), and (11.7)
U — U = Uy — (myU; + my0,) = my(0; — U,)
Uy — 0% = U — (0101 + X20,) = %,(01 — Uy)
Thus

M -

1 ()

h = e1(U) = 0y) = 1 (mM/M5)(0, — 0y) = M1M2]

where we also use eqn. (11.9).
Next, we need to express j; in terms of Vx;. With eqn. (11.8)

_ x M\ M, x, M,
Vmy = V(2 ) = ZLvx - Svm
M M
= ﬁlel - x11\421 (MIVxl +M2V.x2)
and with Vx, = =Vx;, M = x;M; + x,M,,and x; + x, =1
M M M.
= ﬁ; (M — x1M; + x;M;) Vx; = #Vxl (**)
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Hence, upon substituting eqns. (*) and (**) into eqn. (§), we find our result:

= MM, (—=pD12Vimy)

ProOBLEM 11.9 Fill in the details involved in obtaining eqn. (11.33) from eqn. (11.32).

SOLUTION _
ja| =mpC(ma| — —my| ) (11.32)
Xo Xo—af Xo+af
We may use a Taylor expansion of m4(x) about x = x,:
dm
mA| =mA| + =2 (xo+al—x)+ -
Xo+af X0 dx X0
Likewise p
m
Xo—af Xo X X0
Substituting these into eqn. (11.32)
. —_ dmA
Ja| =mnpC(—2——=| (af)
|x0 ( dx Xo )
which we can rearrange as
X — dm Answer
ja| = —p(ZnaC€) A — (11.33)
X0 X Xo

Comment: The second-order terms in the two Taylor series cancel out, so that the error in
the expression for j4 is 0(63).
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11.10 The salt concentration in the ocean increases with increasing
depth, z. A model for the concentration distribution in the
upper ocean is S = 33.25 + 0.75 tanh(0.026z - 3.7) where S is
the salinity in grams of salt per kg of ocean water and z is
the distance below the surface in m. a.) Plot the mass frac-
tion of salt as a function of z. (the region of rapid transi-
tion of mga1¢(z) is called the halocline.) b.) Ignoring the
effects of oceanic m_otioné compute Jgai¢(z). Use a value of
t’salt, water = 1.5 x 107 cm?/s. Indicate the position of
maximum diffusion on your plot of the salt concentration. c.)
The upper region of the ocean is well—-mixed by wind-driven
waves and turbulence while the lower region and halocline tend
to be calmer. Using Jjg 1¢(2z) from b.), make a simple estimate
of the amount of salt carried upward in one week in a S km
horizontal area of the sea.

mass Praction

00328 2.0240
' T T 1 (e gaﬂmrl-st =
: 1000 % My oy
100 | :
b hatloclive
E . A : (b) Uude iy asSumsplion
2 fust differzutiate m_ g (@)
:ﬁ\ oo = and usmsg- Ficldy Law, A.e.
S o ASSUme Pure A Fsiow.
<
Soo |- '&‘SJ*.(%):—fDuz.%éM'saﬂ'
- = .S« s(o.bzc) seckz(o.ozc% -3.1)(‘/)-5',2)

The c\tnsd-j o(- sald -water may he arproxumde& as hqvmj a unifoem

- - m o
PP P ™ fuo(ts 1+sm:u\ = frno (1 mzalt)

We moke +he addihonal aY?roL\mq-\-wv\ Hat the artial A%s:}}
}OH o1 VS Hee same as Yue demsity of fpure watesr 2 999 kjlm.
P 1

sor p= 295 (1+0.03325) = 1632 kJ/..".

value:

Then: :)SMC%) == 3.02x10 '.\T%s— sech’ (0,026 2 -3.1)

The ‘Q(—u* 0 Ver#adﬁ&, upward. The poiut- of wey i 1- " Aes

He uayginun slope ylm’wé‘ 4 M o4 (1“" A ): 0= 0.02¢ 24— 3%
Zp= 420, +——

(€) The flat Form of the sall concentratio profile in Hhe uppo—
t-e«}iou. wmay he attributed to durbutlent Mi)(jmcr. (The -?ve%cr
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water— pear Hie S-w-{ma— ow—icx’md’cs &row ra.w\-(-‘.‘,& and
y\earluf ;@a,u,)( Ma,%e,S) We ma»é, veason that sl d gu%s

sfpw% grou fower waker ko the Sresher waeker above

oA a wrake gwou a‘)?w{,\mdz@% 16, lk.s&u__ Ma)}c *rwu;va-"' M
?F\Mﬂ' T di @Lg‘vc oA this Lovel and -an wpward %M

Fuoddunt 2yceeld Hiw valve. Thew:
por How wpuak e & sq b perierl = g1 gl bk
-(2 02410 J,ajhzs Y(1000 w\) (3¢00-24- 7) 5 = al.3 S Sammmm

This $lug complicates ooaahoarrafhtc model' g
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11.11 Consider two chambers held at temperatures Ty and To, respec-
tively, and joined by a small insulated tube. The chambers
are filled with a binary gas mixture, with the tube open, and
allowed to come to steady state. If the Soret effect is
taken into account, what is the concentration difference
between the two chambers? Assume an effective mean value of
the thermal diffusion ratio is known.

In steedy stute, Hre 4 no wmasr Mow betwen te chamlars,
A%um'max the fdie 4o doo swall do allas couveckion (veciralation)

Eqgn. (11.37) gives:

75'.‘;- ©= -fo"-[ﬂém' T bj‘,:r,_ by R’Q"T ]

So
dn.. - _ M_l_m_l L
dx M, Tdx

L 4‘2#112- Qnm~ T,=T
4 guT o Ty= T(x,) (i)

o) = St P A 4y Mt T

for a mean value k.. The d Ference am c,ouocw('rwh o

behoeew s clha o
eeu awmbaers 4o M0 W, (¥, ) = M k,r,ﬁu(_-_’_;?,)
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11.12 a.) Work Problem 6.36. b.) A fluid is said to be incompres-
sible if the density of a fluid particle does not change as
it moves about in the flow (i.e., if DP/Dt = 0). Show that
an incompressible flow satisfies J.0= 0. c.) How does the

condition of incompressibility differ from that of constant
density?" [Describe a flow that is incompressible but which
does not have "constant density."

(b) From me&w (6.36):

P} N - v =
22+ V- (g) =(g¢f—;+u-v5.‘)+y Vi =0

or

Op_ ook i\:o‘" an amcompressiute Lk, we clearly
Ot 5 have V=0 -

(€3 Conshuk densidy” o qemaralby. Falon to mes st p do
Syatidly uniforn and coutand i tine. Thar, all 4@&
parkides wonld fave the same A&u&#a,. Lu an Xucaupm{:uc
Ylow eack ?Ma&« My bave c difere , but umcltauaiu%/
40%54'8_- ’n-w.s,. the Llows Wiay fave spatiel ?vadieds £
Jag,;‘ba_/ <e, & may be <ratifiod. The most sia,uif-.'cux
.Z/;Camp,& o4 an ancom pressi ble, shatified Lluid 0 He
oceen, which _y colder oud salbie at a—v«eaﬁer Jep*l«s
and Hiws shows ,i-wor'e%"wl, demﬂ-\a, as oune wmoves downwed
from Hhe surface.

11.13 Carefully derive equation (11.44). Note that P
is not assumed constant in (11.44).

Egqns. (11.40) and (11.42) give:

%i“a V-V = -V R mwf e JMMWS}-??M
Sucvoduce Fioks Law and assumt ok, Syakiasthy vasifor .

% 7. Vpi = gD Tt )46 = +pDpa, Vmaz +¥5
Now %t;;';= ¢ %___u;:i_‘_ml %i: 9 {'Low;, ’@»wmmzw@w
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Thues

M Z .
Q_."_-: ‘;MV M, + "'1,'/ . Eqn. (11.44)
Dt P le
11.14 Derive the equation of species conservation on a molar basis,
USIN9 €4 rather than Pij. Also obtain an equation in c;
alone, analogous to equation (11.44), but without introducing

incompressibility. What assumptions must be made to obtain
the latter result?

dtjc dg__gﬁ;.o@.-l-géidg (@smlarwteo& ")

\au, O&-WCCA.&
R S n u}w,&_/m's 'y
= (T a8 - 3002 + [ &, dn
s S 178

using(11.24) audk (11.22), efn the firot ine , fue Fivs derm so-
He vrate of hormge, dhe seoond a4 He vate o4 Mglow\ aud
Hoe Huwt Ho vate ok creafiow o} spevies 4Ly fle we%im, L.
g?g-wg Huoreve end the usual avgpmets Hois Leads bo

-

Now wee Ficks Law, —3‘:‘: —CVpVti and assume boble c

and Diw, ave Aunde pended ’3"(&,‘&,2:). The boxed eq:w becomes

Lozt analo 4
gcg-&-v (V¥ =D,V + & - 4

'ﬂu.--@nﬁt’lw +evmms M\A_g‘: % The eq.'u Mh«a,\aw— recasl™ 4‘0
Five D/pt , bt Yo reswlt- o vakler avwluward .
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11.15 Find the following concentrations: a) The mole fraction of
air in solution with water at Sop gnd 1 atm, exposed to to
air at the same conditions. H = 4.88 x 10% atm. b.) The
mole fraction of ammonia in air above an agqueous solution
with xpyg = 0.05 at 0.9 atm. and 40°C, and H = 1522 mm ha.
c.) the mole fraction of S0, in an aqueous solution at 15°C
and 1 atm., if PSSOz = 28.0 mm hg and H = 1.42 x 104 om Hg.
d.) the partial pressure of ethylene over an aqueous solution
at 259C and 1_atm. with xp . = 1.75 % 1072 and
H=11.4 x 103 atm. 4

(o) Unde— these condibioms, Hhe aiv Ao &sscuf-odia. dry. and
B d sm. Thas, Lo = @b df(4.88x10%at) = 2.05 15—
b'?f Heuna'—s Law, (11.46).
(L) Vlvu» FL&uHéF La~0, .QK”%;==OE;25Lluv»“&,)ﬂD.ogr;)z :ﬂs.lluuqua,-
Tha %@S'sldb mole —g-aoﬁou. AD '?C;JH; ‘Vnu;/o.q abw = 0.11| F—

(P %a\w wr.cb\u*&s Lov: %oy =WNso, /R = 28.0/1.92¢10%
= L92XI0 > -—

(4) 195,,;44"' (1.4x lozaiwn.)(l.?fxlo-;) = 0.200

11.16 Use a steam table to estimate: a.) The mass fraction of
water vapor in air over water at 1 atm and 209c, =0°c, 70°c,

and 90°C. b.) The partial pressure of water over a 3
percent by weight aqueous solution of HC! at S09C. c.) The
boiling point at 1 atm of salt water with a mass fraction
Mnacy = ©.18.

(&) Us.'»t Raod*-'; ,ea.\,o aud the v‘e,a.Sou.\.vsk o&. 2 omple 11.3,

Buno = Peut u19(-r‘). With o oheawe talatle  eqn. (11.15),(11.8),
and (11.9), we have:

TC) et 1) Kneors Mo (T'.;ﬁ) My.o,s

20 2.329 Q.02398% 29.7) 0.01444
so 12. 344 ©.17219 2+63 0.0795 |
Fo 21.19 o. 3078 15,59 0.216% -
90 7o.14 O. 6922 21.39 o.Se32

() M, = 3c% “3"‘?“‘"‘ g‘a’(“ V) wibe My, =008, Y =i230.
By (11.9), 'x“ =0.0181. zwul:(é ,ea,w +hew ?ws,.

‘4,50&‘
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PH‘_D ¢ Yeor- H o (1-0.01€71) =(12.249 kya ) (02844 )

= 2.6 kPa,f

(C)MNA,CL= %.44- h?’/La“,«G_. The MM tueo'rzu a—-? J—Lt-d

sl A& 20.58 L,a,/kauw&, and Yo g = 006340, The
solutials bou"n} ?ofwt & the kmp@rd’m at wuele '{)H,,o,s

= 4 atdva:
= 101325 Pa = ’Pso*, ) (1;?.\0 —0.06340 )

o+ P;&&"I H.0o (TB_P.) = 109, 124 P - Frvw\, o <Aeam. +¢%/

we ek

Ta.p * 101, @ °C -—
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PrOBLEM 11.17 Consider one-dimensional, binary diffusion in which isothermal ideal gases 1
and 2 travel in opposite directions along the z-axis of a tube. Assume that the flow has a zero mass-
average velocity, so that mass transfer purely diffusive. (a) Show that the conservation equations
for mass, species, and momentum are satisfied by v = 0, j; = —j, = constant, and p = constant.
(b) Use Fick’s law to solve for m;(z), if m;(0) = 0 and m;(L) = 1. (c) Find j; in terms of the
molar masses of the gases. (Hint: p is not constant; use p = Mc and write M in terms of m; before
integrating). (d) Write the mole fluxes in terms of the mass fluxes and solve for the mole-average
velocity, v*. Under what condition is v* = 0? (e) Suppose that gas 1 is helium and gas 2 is air
at T = 276 K and p = 1 atm, with L = 1 m. Calculate v*, and j; and N; for both gases. Are the
molar diffusion rates equal and opposite?

SOLUTION

a) In steady, one-dimensional flow, the mass and species equations, (11.40) and (11.41), may
be simplified to

d
E(pv) =0 eqn. (11.41)

d . d
E(piv +j;) = E(ni) =0 eqn.(11.40)

When v = 0, the first equation is satisfied and n = 0. The second equation shows that
iU = n; = constant, and with eqns. (11.18) and (11.20)

0
n; = p¥'+ j; = j; = constant

Finally, eqn. (11.21) shows that j; = —j,, as is always the case in binary diffusion.

The momentum equation will be familiar from past studies of fluid mechanics. If the fluid
has zero velocity, and if gravitational pressure gradients are negligible over the height of
the system, then p = constant. (If the fluid flowed through the tube, i.e. had a non-zero
mass-average velocity, then viscous drag would produce an axial pressure gradient.)

b) With Fick’s law,
. dm
ji= —pl)lzd—zl = constant = ¢;

At this point, we need to think a little: the mass density will vary with the mass fractions,
even though p and T are constant. One the other hand, the molar density, from eqn. (11.13)
will be constant: ¢ = p/R°T. So, we need the molar mass of the mixture from eqn. (11.8):

1 1) 1 my(My — M) + M,

- = - ®
M, ) g MM, ©)

Lom, om0

Now returning to Fick’s law and rearranging

_ CDIZMlMZ dm1
ml(MZ - Ml) + Ml dZ

=c1

The integral we need, with m;(0) = 0, is

Jml(Z) dm1 B l 1n<am1(Z) N 1)

am;+b a b

0
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where a = (M, — M;) and b = M. Collecting all this

1 1n(aml(z) 4 1) ___ az
a b cD,M M,

and with m,(L) = 1, we find

o= DML @y

L b
so that

ln<%1(z)+l) = %ln<% +1)

and a little more algebra gives
1/a z/L b
and finally substituting for a and b gives

_ M/ My)PE = My Answer

my(z) =
' M, — M,
¢) With Fick’s law
dm, cMD,, <M2)
= —cMD = In{—==
=TI T I, — M) M,

and using eqn. (*) to eliminate M

. CDlele <M2) Answer
et v i e B Y (i ) B
LM, — M) \M,
d) N; = n;/M; = j;/M; and N = n/M = 0. With eqn. (11.22)
D M
v* =7 (ji/My + jo/My) = ¢y (/M — 1/M,) = —le In (ﬁz)
1

The mole-average velocity is only zero if M; = M,.
e) From Table 11.1, Dy._,;; = 6.24 X 107> m?/s, and My, = 4.003 and M, = 28.96:

(6.24 X 107>) <28.96
® 1
v 1 "\ 2003

With ¢ = (101325)/[(8314.5)(276)] = 0.0442 kmol/m?,
. _ . _(0.0442)(6.24 x 107°)(4.003)(28.96) . <28.96)
hn="0= (1)(28.96 — 4.003) 4.003

A
= —2.54 X 107> kg/m?s e

Answer

) =—-1235%x10"*m/s «——

nl jl 2‘54 X 10—5 _6 2 Answer
J M= M, 2003 6.34 X 107° kmol/m*s ~«———
nz j2 254 X 10—5 _7 5 Answer
=< =2 -7 "~ —877X1 kmol
A 3 : 396 8.77 X 10 mol/m“s «—
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CoMMENT: What should be very clear is that the mole fluxes are entirely unequal. Even so,
many textbooks call this problem “equimolar counterdiffusion” and begin with the assumption that
Ji = —J; if p = constant! Mills [1] discusses this common error in more detail.

REFERENCE:
[1] A.F Mills, On steady one-dimensional diffusion in binary ideal gas mixtures, Int. J. Heat
Mass Transfer, 46(13):2495-2497, 2003, https://doi.org/10.1016/S0017-9310(02)00537-9.

ProOBLEM 11.18  Suppose that a steel fitting with a carbon mass fraction of 0.2% is put into
contact with carburizing gases at 910°C, and that these gases produce a steady mass fraction, mc ,,,
of 1.0% carbon just within the surface of the metal. The diffusion coefficient of carbon in this
steel is [1]

Dere = (1.2 X 1075 m?/s) exp[—(1.34 x 108 J/kmol) /(R°T)]

for T'in kelvin. How long does it take to produce a carbon concentration of 0.6% by mass at a depth
of 0.5 mm? How much less time would it take if the temperature were 950°C?

SOLUTION
We can refer to Example 11.9 and Fig. 11.12. As shown in the example, the solution for mass
fraction of carbon in the iron is

me(x,t) — mey X
=erf| ——
Mc,o — Mc,u 2/ D¢ pet

me, = 0.010 me, = 0.002
To find the time for m-(x = 0.5 mm, t) = 0.006, we need the argument of erf to satisfy

mc(x,t) —mey  0.006 —0.010
Mmco—mey  0.002—0.010

From a table of the error function or an online error function calculator, we find erf(0.47694) =
0.50000. For each temperature, we must find the time that makes the argument equal 0.47694:

1 < 0.0005 )2 2748 x 1077 m? *
" Dep\2(0.47694))

DC,FG mz/S
We can evaluate the diffusion coeflicient at the two temperatures given, 910°C = 1183 K and
950°C = 1223 K:

Dere = (1.2 X 107> m?/s) exp[—(1.34 x 108) /(8314.5)T]

The boundary conditions are:

= 0.500

t

1.454 x 1071 m?/s at 1183 K
2271 x 100" m?/s  at 1223 K

Putting these numbers into eqn. (*) we find

1.890 X 10* s = 5.250h =5h 15min  at 1183 K = 910°C Answer
1.210 X 10* s =3.362h =3h 22 min  at 1223 K = 950°C

A 40 K increase of temperature reduces the carburization time by ¥3.
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Comment: Carburization is widely used for hardening metal parts, and the process has been
widely studied. Analyses have addressed additional factors including convection, the temperature
dependence of physical properties, and base metal composition. Real processes may begin with
carburization as described here, but then be followed by an “annealing period” during which the
part is held at a somewhat lower temperature while the steep concentration profile in the metal
diffuses to a more uniform carbon concentration in the zone just under the surface [1].

[1] Goldstein, J.I., Moren, A.E., “Diffusion modeling of the carburization process,” Metallurgical
Transactions A, 9:1515-1525, 1978. doi:10.1007/BF02661934

PrOBLEM 11.19 (a) Derive eqn. (11.62) for the mole flux across a stagnant layer, working by
analogy to the mass-based analysis of Section 11.5 that led to eqn. (11.58b). Assume that ¢D;,
is constant, and use z as the coordinate across the layer. (b) Show that the molar concentration
profile, analogous to eqn. (11.61), is

1— XZ(Z) B (1 _ xz,L)X/L

1-— x2,0 1-— xZ,O

SOLUTION
a) For one-dimensional steady mass transfer in the z-direction, the mole fluxes N; and N, satisfy
eqn. (11.50), with n; = M;N;,
dNy _ dN, _
dz ~ dz
so that N, = constant and N; = 0 throughout the layer.
With eqns. (11.24), (11.25), and (11.7)
N1=x1N+J1=(1—x2)N—J2=O (*)

5

N2 = x2N+Jz = x2(1_—x2)

+J4
and eliminating N with eqn. (*)
Ny, = (

Now substituting the molar form of Fick’s law, eqn. (11.30),

N, = (—cﬂ12%> (1 —1x2> = constant in z
which is the molar analog of eqn. (11.58a).

The integration proceeds as in the mass-based case that gave eqn. (11.58b), but now
assuming that ¢, is constant:

) = constant in z
1—x,

L X2,L
o J dz = _J dx; (#5)
Cz)lz 0 %20 1-— Xy
from which
NZ _ 02)12 In 1-— xZ,L Answer
L 1-— xZ,O

which is eqn. (11.62).
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b) Use the integral in eqn. (**), but set the upper limit to z rather than L:

A Jz dz = — JXZ(Z) dx;

CZ)IZ 0 X20 1-— Xy
from which
N- _
ZZ _ ln 1 XZ(Z)
Cﬂlz 1 - X2,0

Now eliminate N, with the result of part (a)
1-— 1—x
In —XZ(Z) =X In 2L
1—2x50 L 1—2x50

1-— xZ(Z) _ (1 —X2L )x/L Answer

—
1-— x2,0

from which

1-— xZ’O

Comment: cD,, is independent of pressure, so the assumption of constant ¢D;, is appropriate
for a constant temperature gas mixture. Further, c is independent of the mole fraction, so it will
not change across the layer even though a concentration gradient is present. This fact makes the
molar result more accurate than the mass-based result, which assumes that p2;, is constant: the
variation in composition will affect p, since p = Mc.

PrOBLEM 11.20 A Stefan tube 1 cm in diameter initially has a pool of liquid carbon tetra-
chloride 200.0 mm below the top. Pure argon flows over the tube. The system is held at 60°C and
8.0 X 10* Pa. During a 12 hr experiment, the pool level drops by 6.1 mm. What is the diffusivity
of CCly in Ar? The vapor pressure of CCly is log, , p, = 4.023 — 1222/(T — 45.74), where p,, is
in bar and T in K. The specific gravity of liquid CCly is 1.59.

SoLuTION We may use eqn. (11.64). The specific gravity tells us that
pcci, = SG(pw,0) = (1.59)(982.9) = 1563 kg/m?

From Table 11.3, M, = 153.82 kmol/kg. The total pressure is p = 8 X 10* Pa, and the saturation
pressure of CCly, or vapor pressure, is

1222
log10 pv = 4.023 — 33315 —4574 —0.2288 so p, = 0.5905 bar
Then
I2(t) — IZ o -1
o= 20 0](pCC1“ )(R T) [m(—p )] (11.64)
2(t — to) Mcq, p P — Dsat,2

_ [(0.2061)* — (0.2000)*] / 1563 \((8314.5)(333.15) | 8 x 10* -
B 2(12)(3600) (153.82)( 8 x 104 ) [ “(8 X 104 — 59050)]

Ans
= 7.53 X 107% m?/s &
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Comment: The Antoine equation used for vapor pressure is from the NIST Chemistry Webbook,
https://webbook.nist.gov, accessed 17 January 2024.

PrOBLEM 11.21 A Stefan tube at 60°C contains a pool of liquid ethanol 15 cm below the
top. Pure nitrogen gas flows across the top. The total pressure is 1.2 bar. Plot the concentration
profiles of ethanol and nitrogen in the tube, in terms of both mass fraction and mole fraction
(see Problem 11.19b). The vapor pressure of ethanol (C,HsOH) is given by log, , p, = 5.247 —
1599/(T — 46.42) for p,, is in bar and T in K.

SoLuTION At 60°C =333.15 K,

1599
log,, Py = 5.247 — 333154640 —0.3297 so p, = 0.4681 bar

From eqn. (11.15),

0.4681
xC2H5OH,O = T = 0.3901

and at the top X¢,y,on, = 0. With eqn. (11.8), molar mass above the liquid surface is
1 XGHs0H0 | XNy
My  Mcuon My,
~0.3901  1-0.3901

"~ 46.07 + 28.01
M, = 33.07 kg/kmol

and with eqn. (11.9), the mass fractions are

(0.3901)(46.07)
Mc,Hs0H,0 = 33.07 = 0.5435

and mCZHSOH’L =0.
Now we can use the result of Problem 11.19b and eqn. (11.61)

/L
1 —xc,n0u(2) (1 — XC,H;0H,L )Z

1 — Xc,H,0H,0 1 — Xc,H,0H,0

1-m z 1-m z/L
o,n50n(2) _ ( C2H5OH,L> (11.61)

1 —mc,n,0m,0 1 —mc,n,0n,0

which rearrange to

z/L
1- XCZHSOH,L)

Xcmnson(2) =1 = (1 = Xc,u,0m,0) (1 T e romg
2H5 )

=1 — (0.6099)!~2/(0-15)
with xNz(z) =1- xC2H50H(Z), and
Me,uon(z) = 1 — (0.4565)172/(0-015)

with my,(z) = 1 — mc,y,0n(2). The plots are below.
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0.15

N P X(C,HsOH
F\'\ R X
\\ ~l I === Nz
| \\ .l ’ S m
. i C,HsOH
S 4 -
— ‘\ .f l' — N 2
N KA
| . ’ ’ _|
A a ,'
. ’
O. 1 O I A v ,’ ]
s G ,
| . K ’ —
. ’ '
[l N J )
\ ’
N - N K ,' —]
\‘ .’. 'l
| \ i’ , —
\ . ,
I \ 4 ’ —
0.05 | P
\ ’
| “ !. I: —
| \‘ .I 'l ]
v !
\‘v_l ,'
| B —
,'\‘ ]
— ; ’ —]
il \ ,'
O OO L ‘\ Il
0 0.2 0.4 0.6 0.8 1

m;(z) or x,(z)

Comment: The Antoine equation used for vapor pressure is from the NIST Chemistry Webbook,
https://webbook.nist.gov, accessed 19 January 2024.

ProBLEM 11.22  Consider mass convection in a binary mixture, in which only species 1 is

transferred through the s-surface. Show that g,,, ; = g, ,. How does j, ; relate to n; ¢?

SoLuTiON From eqns. (11.66), (11.3), and (11.21) we have

J1i,s _ —J2,s _ J2,s _ Answer
= = =8m2 ¢

Mys—Mye l1—myg—1+my, my;—my,

8m,1 =

This applies for either low rate or high rate mass transfer.
Although n, ¢ = 0, species 2 may have a non-zero diffusive flux at the wall
Nys = 0= j2,s +mysn = jz,s + My Ny g
. Answer
Jo s = —Mashyy
The reason that j, ¢ is not zero is that species 2 diffuses against the convective velocity caused by
the transport of species 1 away from the wall.

PrOBLEM 11.23 A small sphere in a gas at rest has a low vapor pressure of species 1, so
that species 1 is dilute in the gas phase. When natural convection around the sphere is negligible,
the steady mass flux of species 1 in the radial direction is ny , = j;, = —pDy,dm,/dr. Use a
mass balance to obtain the s-surface mass flux in terms of the difference between the concentration

333
Copyright 2024, John H. Lienhard, V and John H. Lienhard, IV


https://webbook.nist.gov/cgi/cbook.cgi?ID=C64175&Mask=4

far from the sphere, m, ,, and near the surface, m; ;. Approximate pD,, as constant, which is
accurate if species 1 is dilute. Then use eqns. (11.66) and (11.69) to show that Nu,,, , = 2. What
condition must apply for convection to be negligible?

SoLUTION Let the small sphere have a radius R, and consider a control surface of radius r > R
outside the small sphere. In steady state, the mass flow leaving the small sphere must equal the
mass leaving the outer sphere. Therefore

= constantinr = C
,

4TR? jy . 4712 jo

dm
—4nr?pDy,——| =C
P12 dr |
Rearrange and integrate
me im. — € J"" dr
1= 72
My 47Tp2)12 R r
=My 00—y, s =l/R
Hence, with a bit of algebra,
. . _ C _ 471',02)12R(m1,S - ml’oo) _ )OZ)IZ Answer
.]l,S - Jl,r R - 47I,R2 - 47TR2 - R (ml,s - ml,oo) D
With eqns. (11.69) and (11.66), and putting D = 2R for the diameter,
8m lD jl S(ZR) Answer
Nuy,p=———= 2 2 —

- pD1, - pplz(ml,s - ml,oo) -
This result can be compared to eqn. (8.33) for natural convection from a sphere

0.589 Ra}*
[1 + (0.492/Pr)9/16

which limits to Nup = 2 when Rap <« 1. From the analogy of heat and mass transfer, or
eqn. (11.71), we must have

NuD=2+

]4/9 (8.33)

RaD = GrDSC =
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11.24 Gases are sometimes absorbed into liquids through "film
absorbtion.” A thin film of liquid is run down the inside of
a vertical tube, through which flows the gas to be absorbed.
Analyze this process under the following assumptions: The
film flow is laminar and of constant thickness, §,, with a
velocity profile given by eqn. (8.51). The gas is only
slightly soluble in the liquid, so the liquid properties are
unaffected by it and it does not penetrate far beyond the
liquid surface. The gas concentration at the s and u-
surfaces does not vary along the length of the tube. The
inlet concentration of gas in the liquid is m; .. Show that
the mass transfer is given by

(Pg - PgrgsZ

2k,
The mass transfer coefficient here is based on the concen-
tration difference between the u-surface and the bulk 1liquid

at M o- (Hint: The small penetration assumption can be
used fo reduce the species equation for the film to the

diffusion equation.)
: ) . inget | l“‘»o
Becousze tla Liquid Lilu. an Hin |, we Mpeare He

Nu"”x = (uox/‘[oslz)“z, ug =

. 8‘4* '!:Q
curvatwre of the fule.  As iw Clogher 8 we Js‘*t\
. | 0' WD
Mca, O-ﬂt“‘a, \oawtﬂarta, «eou-xm— aSsSu m*,f»ows ond 1" _ |' ] ‘,S
e Q‘PP"DV""'JQ‘ 4“"“‘ O’S— the cypevies GCou servatio I E
eqyafbu.(11.44)becomes: 4Ul ﬁ i
?‘“l 45’3!»1. _D BLM. |'|\||‘t

3)6 'a o Yyt
¢ ¢ !

The vctoo;'l‘a profde Ao (8.51):
2.
w- 5085 [2(8) ~(£T] » veo
&...,,_-/u—'—-—)
WUo

Because tha gas does- ut™ penetote Lo ko Llo LS, we Mg
awmp‘-md‘e WU ‘“«.a— gw,'ai&s- ccéu. lmr s sw{-«a— tha,,
M. This s o wportadt festune of Ho suall ponetbion
a;suu,.vﬁou.o The sypecies —eq:u reduces do the Lifucion egh:

0

oWy _ Q) iB W ., om, (2] " QF'MH
4 Uae Bta, 2 2% Wo ?-3,
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The boundam and inikisk conditions u the Liguid e are:

M.(tfﬁo, ) =My M;(’YFO,%):“-,O ; M.(‘a.—' X)) =M, o
An tho Lok codition | we use «3-—>—w vather [aw Y=o
because the small penedratiow opprowsmation essentiolly  removes
all effects of Hu watl. We way cosd dhe pubelom anbo o
£ orws ean. (11.57) \o‘a, -(-vu“s«{or-miwh, e !a,-ooaf'&iwox@ 4o %-”50"6'}
He de. 46 wnafleted aud 4o be's are

M,(’%--o))o)=h4|,u ; M.(x=0,ﬁa,)=“4,loj M.(}—"w,%)"“n,o

Frome eyample 11.9, Ha sAution Ay W | % —
(u.,o—mw)‘ er (z'@——”' .%)

To Lind the wmass dransler codflicient, compute '81"

c w | Uo L’z.
4= PD.-,M;—;'_— PO (M- 0) < Z 3,_'-(5:7)

l}ao
(ser eqi $.54). The mas M«’ue@./ 3::,‘ = é\/(m,lu-—,ubo)

A4 oD, w \K Ue K \k
'3 . o ™M, 2 — o
3‘“1‘ —f(ﬂ% ) > ‘\)u'\u,)c _('W@lu\v—

7’
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11.25 Benzene vapor flows through a 3 cm ID vertical tube. A thin
film of initially pure water runs down the inside wall of
the tube at a flow rate of 0.3 L/s. If the tube is 0.5 m

long and 400C, egtimate the rate (in kg/s) at which benzene
is absorbed into water over the entire length of the tube.
The mass fraction of benzene at the u-surface is 0.206.
(Hint: Use the result stated in Prob. . Obtain $§,
from the results in Chapter 8.)

Tl ‘ovoy-u—'%es A water & Ao°C ave: /u=6.§0|xl0-4- ka,[,wsj ‘?:
q91.4 ba,/wz. The 305 A‘“*‘*’% wik be Swmee cow\\oaw'd 4o 9“;0‘
The diffucion coelliicient s colowdatel Zoou. eqn. (11.115):

D = [ 31345 ) . -\S OOIGJT 062 by
GeHe- P20 (—-————e.conmi“ (4.4%10 )( o 30%

= .85 10 ms. Nagt bt YIS QJM Lhickeness: +lhe volume
goeo\o rate = 0,2342/(s = 0.00073 u«3$=TI'D(-'1.‘-3= QL'E&)- 353
L‘a eqw (8.53). Thug: heybec-

52=(o. 0003)(3/,4.5_)/[1'\'9%((; /3/)] 3 5, 0.861 mw
USNA-K e veouix 6& efa‘a—was 1} ,40} Uy = (f;“&)‘a’g /2/‘:@
S.S4S m/s, aud QWMM:(M,,)o/WD)/".

T the overdl vt dhosor phi L o imdeqrie:
o?d e ov wedg- sorphion | we Weo Lmr'a

vobe 4 a\osorbao\-(_ =TD S 4% He,S d-x, = T‘u 55“:11. GQUG,O) & %No‘p

o =)

--J’(’%D/Tr) T D(Mam W, S 2 d
o
) ——-z-L”
= (491.8 )(5.545)(Lecr 15" )T ) (0,02 ) (0-206 )2 (oﬁ»")"z

= |_5'§c$(53|¢a_/s = 1.SG g /s -

h.)e caw chede Yle small Y)&quiou asswwmpiion with zqﬁ» (5.51)"

penetvetion deph = 3.5 [0 t | = 3.65 /DL e = 13 Jrwa <<,
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11.26 a.) Write eqn. (11.44) and the b.c.’s in terms of a nondim-
ensional mass fraction. ¥. analogous to the dimensionless

temperature in eqn. (6.42) . b.) For v = laim, relate ¥ to

the Elasius function, f, for flow over a flat plate. c.)
Note the similar roles of Pr and Sc in the two boundary later
transport processes. Infer the mass concentration analog of
eqn. (6.55) and sketch the concentration and momentum b.l.
profiles for Sc << 1, Sc = 1, and Sc > 1.

(@) The a.ppr-oprm;('e, nowé?.ueuw»ai,s‘,;(;wu_ - "P (m M:A,s)
[ 2 v,S

The @uaﬁog, 4o (6.42) M -’rLum,:
M%A{}* "b— tma;, 41&/ leb(?-o) © I&b(;_’w) L

(W rike (6.21), (6.41) & (6.43), whkew /= CD““_ , He dichibutions
0§ concendvition and \/Qﬂoc,ijna, are idewkicl . -‘-“{/q—
) The s‘.m’lf‘rﬂa ot heat trander aud Low-vike mass
‘l'vwnc;-g‘er Aouz Hat we ueed 0“23» Vev@-éé 5{5 L\a,

cand  ® \oxa, 9& " Tl«wegmez S }’ {or 0.6¢ Scfso
’ —_— 66

ani ,ea-d v-ales
} S Mme S;.
w
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11.27 When Sc is large, momentum diffuses more easily than mass,
and the concentration b.1. thickness, §_, is much less than
the momentum b.l. thicknesss, §. On a flat plate, the small
part of the velocity profile within the concentration b.l1. is
approximately uw/Ug = 3v/2¢. Compute Nu, . based on this
velocity profﬂe, assuming a constant wafl concentration.
(Hint: Use the mass transfer analogs of eqn. (6. 47) and
(6.50) and note that Qy/ Pc, becomes di,s/P?

. Sc )
The a.na«Qo% o’% (6.47) 4o ﬁ j 'U-(Md "V“i,e)dg,z 3';"/5)
ond {he ma,@o% of (6.50) 4 : (m My -Mie\= - 3 24 (3: )3

S M\.e, Z 8¢
b)ow, .5/5; wa\;,'“’“*ﬂ)‘ ""(M‘S ,p)@ -32--}-&_

Aul: Se
2 [ rctmicio by = Uy omi) & j (-2 +2(0 )

o

=U¢(m.',,<, ”"')d./c (zo = 3— U (M —Mw_.,) = 55‘3

Sinen c/5=pu($c, ow.ﬁ],) L‘af aMAQoaJa, bo eqw (6.46).
Comlp;vn'ha, <I»L,¢, above eqwﬁ'oms we b a d.2. /gar’ 566)4):

Do,u Z.Zc = Ue Z&( ) where %%Qu()c)
BB ) A7) s b o

=NCo D, [Uo)(515.) 1

Negt mboduce eq,'u. (6.2) -go-r— S aud vearvauqe to Qindl

9e 3’/’-= /za(?jD___j&;% o‘/,;;:’/(&éthc))g: (é): Eoz—sl's?i*—

3
The mass ‘!Wwvtg@d- coeflicied s -
%’m _L__ -—f

(Ml. s™ Mb 0/\

o

) &

S

1

NS

-2
ymo Z

1
3
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and the Nuscelt nipmber ’gor' mass ‘l’row»seet’ A

Ny, = ?S“‘“ x/I’D =2k = %%t\/g%é «/1%); 5

1’3 [ 7
— 2 '3

This Ma,.e( Ve m\oa.veoq o Qvowh (6.21) and 6%1\4. (6.51).
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11.28 Nitrous oxide is bled through the surface of a porous 3/8 in.
0D tube at 0.025 liter/s per meter of tube length. Air flows
over the tube at 25 ft/s. Both the air and tube are at 180¢
and the ambient pressure is 4 atm. Estimate the mean concen-
tration of NoO at the tube surface.

At 1 stw, 18% eq,'w(ll.lOB)w’vcs : Q‘nﬂw:- 1.480 x15 S w/s.  fs
a Qi eshimake | take all propabies as thosw of pure aiv
cand assume Low-rote wiass tramsfer — both assumphions are
motivated by Hee dow Qlow vite o4 1,0 Lo Ha ol
ML L g =Lz lgfud | 2, = L4B0x 107% w/s

Se = v/D = |.003
The W,LOCA& ok air avd hibe dicmider ave U= 7.2 w/fs |
D= 0.009525 s , and Ke,= 4870. Thir i o wwiforue wald
dhuy prodenn and egm (7.65) i aypproprisde

0.6z Res S22 [ Reo %YHS-
[l+(o.4/sc,)"/3]y4' (zaz,ooo = A\, 64

Nu, o, =03 +

%t pl,,o= }J““‘:D 'P'Qu'-;u,o/o = (@4 1.64)(.212)(1.482%16° )/0.0095 25~
=0.07858 y,a/wz_s

The mass giou rate o§ N, o s , with S ,= L8B4 k}/,\? (ideal

[ ) n, = (o.oz¢x10'3 w?/s:m )(1Losz kalm3)/rr(o.aoa§'z_§u)

N, 0
=1.§3qx103 ka/m‘*—.s,

At Low vafes nk)—,,o,s = %:«,U-Lo . Q’M,p,,o ’-{mu wha da 8'“';'4:_:: 0.0195 8.

Wik My p0=0 | B\, o= (2-My o ) (WMo o -1). %oev.'m?r/
My =0.0\92 @¢——

29,5

This resudt X»ck:?w; He uwse o{, avr- Vvowl-.‘es and Aow-rdfes.
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PrROBLEM 11.29  Helium is bled through a porous vertical wall, 40 cm high, into surrounding
air at a rate of 87.0 mg/mzs. Both the helium and the air are at 300 K, the environment is at 1 atm,
and Dy o = 7.12 X 1077 m?/s. What is the average concentration of helium in the air along the
wall, my, ¢ ?

SoLuTION  This is a uniform flux natural convection problem. Here g, j;. and A_p depend on
My, 5, s the calculation is not as straightforward as it was for thermally driven natural convection.

To begin, let us assume that the concentration of helium at the wall is very small. Since my, , = 0,
if my, s < 1, then my, ¢ — My, , << 1 as well. The mass transfer driving force will be small, and
the analogy to heat transfer can be used.

The mass flux of helium at the wall, ny g, is given; and because the mass transfer rate is low,

nHe,s ~ .]He,s = gm,He (mHe,S - mHe,e)
Hence,

e gm,He L _ an,s L

The appropriate Nusselt number is obtained from the mass transfer analog of eqn. (8.44b) for a
vertical plate with uniform flux

. 1/
ﬁ _ 6( RaL SC )
’L - =z
™ 5\ 4+ 94/Sc + 10Sc

where _
g Ap nHe,S L4

luloz)lz—le,air (mHe,s - mHe,e)
The Rayleigh number cannot be evaluated without assuming a value of the mass fraction of helium
at the wall. As a first guess, we pick my, ;¢ = 0.010. Then the film composition is

My, = (0.010 + 0)/2 = 0.005

From eqn. (12.8) and the ideal gas law, we obtain estimates for the film density (at the film
composition) and the wall density

pr =1.141kg/m* and pg =1.107 kg/m’

At this low concentration of helium, we expect the film viscosity to be close to that of pure air:
Mf = My = 1.857 x 107> kg/m-s. The corresponding Schmidt number is Sc = (:uf/pf)/DHe,air =
0.2286. Outside the boundary layer, we have pure air with density

Raj = RayNu,, =

pe = Pair = 1.177 kg/m3
From these values,

9.806(1.177 — 1.107)(87.0 x 10~%)(0.40)*
(1.857 x 10-5)(1.141)(7.119 X 10-5)2(0.010)

Raj =

= 1.424 x 10°

We may now evaluate the mass transfer Nusselt number

6[(1.424 x 10°)(0.2286)]"”

5[4 + 9v/0.2286 + 10(0.2286) |

= 37.73

Nu,, ; =
m,L 1/5
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From this value, we calculate

— N nHe,SL
(mHe,s - mHe,e) = D —
P He,airNum,L

B (87.0 X 107)(0.40)
~ (1.141)(7.12 X 10-5)(37.73)

= 0.01136

But (mHe’s - mHe’e) = My, This value of the average wall concentration is only 13.6% higher
than our initial guess of 0.010.
Using my, ; = 0.01136 as our second guess, we repeat the preceding calculations with revised

values of the densities to obtain

Answer
Moy = 0.01142  ———

This result is within 0.5% of our second guess, so no further iteration is needed.
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PrOBLEM 11.30 We're off on a drive across West Texas. It’s going to be hot today—40°C—but
we’re unsure of the humidity. We attach a “desert water bag” to the shaded side of our pickup truck.
It’s made of canvas, and it holds a liter and a half of drinking water. When we fill it, we make sure
to saturate the canvas inside and out. Water will continue to permeate the fabric, but the weave
is tight enough that no water drips from it. Plot the temperature of the water inside the bag as a
function of the outdoor humidity. Hint: These bags were once widely used in the Western US, but
they never found much use along the US Gulf coast.

SOLUTION

Water will evaporate from the wet canvas, cooling the water inside. In steady state, the bag
should cool to the wet bulb temperature appropriate to the outdoor humidity, assuming that it is
kept in the shade. This temperature can be found by solving eqn. (11.74), but a student familiar
with psychrometry (from a thermodynamics class) can read the wet bulb temperature from a
psychrometric chart as a function of RH. In addition, wet bulb temperature calculators are available
online, e.g., www.weather.gov/epz/wxcalc_rh.

For Ty puir = T = 40°C and an atmospheric pressure of 1 atm = 1013.25 hPa = 1013.25 mbar,
the results are as follow.

RH [%] Twet bulb [°C] RH [%] Twct bulb [°C1]

10 18.9 60 32.7
20 22.3 70 34.7
30 25.3 80 36.6
40 28.0 90 38.4
50 30.5 100 40.0
45.0 | |
40.0 — D
— 35.0
o
3 300
g
= 2501
T =40 "°C
20.0 - dry bulb
p=1atm
ol 110

0O 10 20 30 40 50 60 70 80 90 100
Relative Humidity, RH [%]

Comment: The water bag will be most effective in arid climates, such as the US Southwest. In
humid areas, such as the US Gulf coast, the cooling effect is minimal.
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ProBLEM 11.31 The following data were taken at a weather station over several months:

Date Try-bulb Tyetbub
3/15 15.5°C 11.0°C
4/21 22.0 16.8
5/13 27.3 25.8
5/31 32.7 20.0
7/4 39.0 31.2

Use eqn. (11.74) to find the mass fraction of water in the air at each date. Compare to values
from a psychrometric chart.

SOLUTION By rearranging eqn. (11.74)

air L62/3(Te - Twet—bulb) )

hf g | Tyet-butb

To solve, we take Le = 0.847, and note from Table A.6 that ¢, = 1006 J/kg-K in the range of
interest, going up to 1007 for the hottest point. For better accuracy, optionally, we may replace ¢,
by ¢, = Zi Cp,iMi,s With Cp yaier vap. = 1920 J/kg-K. The latent heat of vaporization is available in
Table A.4 or any steam table. We may find myy,o ¢ as in Example 11.3 using a steam table.

‘p
mHzO,e = mHzO,S -

Tyet-bulb h'fg Dsat muy,o,s Cp mp,o,e
°C kJ/kg-K  Pa -] J/kg-K -]
11.0 24754 1312 0.00810 1013 0.00645
16.8 2461.7 1914 0.01184 1017  0.00992
25.8 2440.3 3324 0.02067 1025 0.02061
20.0 2454.1 2339 0.01449 1019 0.00977
31.2 2558.5 4549 0.02842 1033  0.02560

Psychrometric charts provide moisture as y in units of kg H,O per kg dry air. To convert that to
mass fraction, note that

M0 = Pr,0/P = /(1 + Pary air/ Pry0) = 1/(1 + 1/y)
Values read from a chart are used in the table below.

Date y (chart) My,0.e (chart) My,0.e (computed) Yo-difference
3/15 0.0064 0.00636 0.00645 1.4%
4/21 0.0098 0.00970 0.00992 2.2
5/13 0.0206 0.0202 0.02061 2.0
5/31 0.0095 0.00941 0.00977 3.8

7/4 0.0260 0.0253 0.02560 1.2

Comment 1: The values read from a psychrometric chart are within 1.2 to 0.5% values obtained
from a reliable online calculator, with the largest difference found at the smallest y. Not all such
calculators give the same values, however—Caveat emptor!

Comment 2: The pyschrometric chart is based on thermodynamic relationships, such as the adi-
abatic saturation temperature, rather than transport relationships, as for the wet-bulb temperature.
As a result, we don’t expect exact agreement between these different calculations.
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PrOBLEM 11.32 During a coating process, a thin film of ethanol is wiped onto a thick flat
plate, 0.1 m by 0.1 m. The initial thickness of the liquid film is 0.1 mm, and the initial temperature
of both the plate and the film is 303 K. The air above the film is at 303 K, flows at 10 m/s, and
contains no ethanol. (a) Assume that the plate is a poor conductor, so that heat transfer from it is
negligible. After a short initial transient, the liquid film reaches a steady temperature. Find this
temperature and calculate the time required for the film to completely evaporate. (b) Discuss what
happens when the plate is a very good conductor of heat, and calculate a lower bound on the time
to evaporate. Properties of ethanol are as follow: log,,(p, mmHg) = 9.4432 — 2287.8/(T K);
hrg = 9.3 X 10° J/kg; liquid density, ooy, = 789 kg/m3; Sc = 1.30 for ethanol vapor in air; vapor
specific heat capacity, ¢, , = 1420 J/kg-K.

SOLUTION

a) When the plate is a poor conductor, the thin film will cool to the wet bulb temperature
appropriate for ethanol evaporating into air.
We will use values for pure air, assuming that the ethanol concentration in the boundary
layer remains low. The relevant properties at 300 K (from Table A.6) are

v=1575x10"m?*/s p=1177kg/m* c, =1006 J/kg-K
and the Lewis number is
Le = Sc / Pr=(1.30) / (0.707) = 1.84

The air away from the plate contains no ethanol, so m.y, = 0. At the surface of the
film, the mass fraction will depend on the vapor pressure, which depends on the liquid
surface temperature (see Examples 11.3 and 11.6). The relevant equations are (with p,,, =
760 mmHg and M, = 46.07 kg/kmol, since ethanol is C,HsOH, cf. Table 11.2):

log, ,(py,s mmHg) = 9.4432 — 2287.8/(T K) ()
Xeth,s = Pu,s / Patm = Pu,s / (760)
(Xeth,5)(46.07)
meth,s =

[ (Xetn,5)(46.07) + (1 — X.,5)(28.96)]

We need to iterate this set of equations with the energy balance for the wet bulb tempera-
ture, T, which follows eqn. (11.74):

h
I,=T,— (L)(meth,s - meth,e)

9.3 x 10° )
T, = 303 — m
i <(1006)(1_84)2/3 eth,s
Ty = [303 — 615.7 Mgy, ] K -

In the table that follows, we guess T in eqn. (*), and evaluate sequentially until we get a
revised value from eqn. (**). Since the revised values are sensitive to the guessed values,
we can guess a new value between the original and revised values (in numerical methods
parlance, this approach is called “under-relaxation”).
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Guess T Pu,s Xeth,s Mes  Get T
(K] [mmHg] (K]

303.0 78.11 0.1028 0.1542 208.7
280.0 18.73  0.02463 0.03864 279.2
279.7 18.35 0.02415 0.03788 279.68

Answer
The liquid film temperature is T; = 279.7 K ——

The final value of m, 5 is low enough (3.8 wt%) that we may neglect the effect of ethanol
vapor on ¢, and T (the difference would be on the order of +0.1 K).

To find the evaporation time, we need the mass transfer coefficient for the air flowing over
the plate. If we assume the air flows parallel to a 0.1 m dimension

_(10)0.1) 4 .
Re; = 1575 x 105 — 6.349 X 10" = laminar flow
Then, with eqn. (6.68) and the analogy between heat transfer and low rate mass transfer
(eqn. 11.69)
Nu, — 1/2¢.1/3 _
Nuj = 0.664 Re;'“Sc™'” = 182.6 (6.68)

The diffusion coefficient is

v _ 1.575x107°
Sc~ 130
and, with eqn. (11.69), the mass transfer coeflicient is

_ — PDihai 1.177)(1.212 x 10>
gmzNuL‘O zth,alr ( )( - X )

Since the conditions are steady, the time T to complete evaporation is found by a mass
balance, per unit area, where ¢ is the film thickness:

Dethair = =1.212 X 10> m?/s

= 0.0260 kg/m?s

= (182.6)

Pemlt = gm(meth,s - meth,e) T
(789)(0.0001) = (0.0260)(0.03788) T

from which
Answer
T =80.1sec «—

The film will completely evaporate in less than a minute and half.

b) In this case, the thick plate will conduct heat into the ethanol film, holding its base temper-
ature at 303 K. The top of the film will be cooler as a result of heat conduction through the
film and heat loss to evaporation, but the two temperatures will grow closer as the film thins
with ongoing evaporation. A lower bound on the evaporation time would be obtained for
Ty = 303 K, which we can quickly calculate using m.y, ¢ = 0.1542 from the first row of the
table in Part (a):

petht = gm(meth,s - meth,e) T
(789)(0.0001) = (0.0260)(0.1542) T

from which
Answer
T =19.7sec +«—
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This time is 75% less than the wet-bulb time. The reason is that the vapor pressure rises
exponentially with the liquid surface temperature.

Comment 1: For part (b), one might worry about the conduction temperature drop from
the plate to the surface of the ethanol film. With k = 0.17 W/m-K for ethanol, the thermal
resistance of the film is t/k = 5.9 X 10~% m2K/W, initially. The heat flux at liquid surface
q = hfe8,, Mem,s» and for a surface temperature of 303 K, our values show q = 3729 W/m?,
Combining q with the thermal resistance gives an initial temperature drop through the film of
2.2 K. So, the film surface temperature is initially slightly less than 301 K and the evaporation
rate is slightly lower. This difference diminishes to zero, however, as the film gets thinner
with continuing evaporation.

Comment 2: Further, one might worry about the conductive plate’s surface cooling down
through a transient heat conduction process. Using eqn (5.56) and the flux given in Com-
ment 1, a copper plate’s surface can be estimated to cool by about 0.7 K. Between this effect
and the effect in Comment 1, the time to complete evaporation is probably about 10% longer
than our lower bound calculation.
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PrROBLEM 11.33 Ice cubes left in a freezer will slowly sublime into the air. Suppose that a
tray of ice cubes is left in a freezer with air at —10°C and a relative humidity of 50%. The air in the
freezer is circulated by a small fan, creating a heat transfer coefficient from the top of the ice cube
tray of 5 W/m2K. If a 20 g ice cube is rectangular and has an exposed top surface area of 8 cm?,
find the temperature of the ice cube and estimate the time required for it to sublime completely.
Assume that no heat is transferred through the ice cube tray. For ice, take hy, = 2.837 MJ/kg, and
for water vapor in air, take Sc = 0.63. The vapor pressure of ice is given in Example 11.6.

SOLUTION

Sublimation absorbs the latent heat, and so heat must be convected from the air to the ice. As
a result, the ice will become cooler than the surrounding air. Further, the ice will cool to a “wet-
bulb” temperature that remains fixes while the ice cube sublimes away. In that condition, no heat
is conducted into the ice. The calculation needed then follows Sect. 11.7.

As mentioned, Example 11.6 provides the saturation vapor pressure at —10°C

Psar(—10°C) = 0.260 kPa
so that the partial pressure at 50% relative humidity is
po = (0.50)(0.0260) = 0.130 kPa

Using the method of Example 11.3:

X,0,e = Po/Pam = (0.130) / (101.325) = 1.283 X 1073
and

(XH,0,¢)(18.02)

[(X11,0,6)(18.02) + (1 — Xi4,0,¢)(28.96)
=7.99 x 1074

(11.48)

mHzO,e =

The mole fraction of water vapor above the ice will be smaller than p,(—10°C)/p,m = 2.6 X
1073 and the mass fraction will be similarly small, so we can be certain that By m,0 < 1 and that
the mass transfer rate is very low.

We may apply eqn. (11.74) directly by replacing the wet-bulb temperature by the ice temperature
and hfg by hsf

hsf'

Tice

Tp — Tiee = (—2/3 (My,0,s — Migy0.e) (11.74)
Cpair Le

From Table A.6, cp = 1006 J/kg-K and Pr = 0.713, for air at 260 K = —13 °C. We are given
hy, = 2.837 MJ/kg. The Lewis number is

Sc 0.63
Le = Pr 0713 - 0.884

The rest of the solution is an iteration on the following equation:

hys
Tie =T, — | ———= |(m —-m
ice e (Cpm L62/3>( H,0,s HZO,e)
2.837 x 10° _a
=—-10— ((1006)(0.884)2 /3)(mﬁzo,s —7.99 x 107%)
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We may guess T, use that value to compute myy o ¢ (following Examples 11.3 and 11.6), and then
get a new value of T, by evaluating the right-hand side of the equation.

Guess Tiee [°C] Guess T [K] My o Get T, [°C]

—14.0 259.15 0.00112 —10.98

—10.0 263.15 0.00160 —12.45

—12.0 261.15 0.00134 —11.66

—11.8 261.35 0.00136 —11.72

—-11.7 261.45 0.00135 —11.75
Answer

So, the ice has a temperature of Tj,. = 11.7°C. «——
We find the mass transfer coefficient from eqn. (11.73)
h

m CP

~ %3 (11.73)

oql

so that

= = =540 X 10—3 k /mZ_S
om c,Le??  (1006)(0.884)2/3 g
The mass transfer rate is steady, so the time ¢ to sublime the entire ice cube is found by solving
20g = Agm(mHZO,S - mHgO,e) t

0.020 kg = (8 X 107*)(5.40 x 1072)(0.00135 — 7.99 X 107%) ¢

from which
Answer

t = 8.40 X 10° sec = 2334 h = 97.2 days «———
The ice cube will fully sublime in about 3 months.

Comment: The rate of sublimation depends on the temperature, humidity, and heat transfer
coeflicient present in any specific freezer. Warmer, drier freezers will tend to reduce the ice cube’s
lifetime.
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ProOBLEM 11.34  Bikram Yoga was a strenuous style of yoga done in a room at 38 to 41°C
with relative humidity from 20 to 50%. People doing this yoga will generate body heat Qp, of 300
to 600 W, which must be removed to avoid heat stroke. Calculate the rate at which one’s body can
cool under these conditions and compare it to the rate of heat generation.

The body sweats more as its need to cool increases, but the amount of sweat evaporated on the
skin depends on air temperature and humidity. Sweating cannot exceed about 2 liters per hour, of
which only about half evaporates (the rest will simply drip).

Assume that sweating skin has a temperature of 36°C and an emittance of 0.95, and that an
average body surface area is A, = 1.8 m?. Assume that the walls in the yoga studio are at the
air temperature. Assume that the lightweight yoga clothing has no thermal effect. Water’s vapor
pressure can be taken from a steam table or other database. Convection to a person active in still
air can be estimated from the following equation, see [11.79]:

0 0.39
h=(57 W/mZK)( b 0.8)
(58.1 W/m*) A,
Note that at high humidity and temperature, some people become overheated and must stop exer-
cising.
SOLUTION

The body exchanges heat with the room by convection, radiation, and evaporation. If the rate of
internal generation by exercise, Qp, exceeds the rate of cooling, the body’s temperature will rise
and potentially cause heat stroke. The three modes of heat transfer may be calculated as

Qconv = AbE(Tskin - Tair)
Quad = ApEaind(Ty — Tovans)
Qevap = Abgm(mHzO,skin - mHQO,air)hfg

where

Tskin =36°C =309 K Twalls = Llajr
Eqin = 0.95 o = 5.670 X 1078 W/m?K*
Ap = 1.8 m? hpg = 2.414 X 10° J/kg-K

The mass transfer coefficient can be estimated from the heat transfer coefficient using eqn. (11.73)

m

_ n {Le = 0.847 see Sect. 11.7
_— fOI'

Cp air» Le?3 Cpair = 1007 J/kg-K  at 309 K

For the two values of Qp, we calculate h and g,,, from the given equation

. h =7.57 Wm?K

0, =300wW 1" m .
g,, = 0.008397 kg/m“s

. h =10.6 W/m?K

0, =600W 1" ne e
g,, = 0.01178 kg/m~s
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Assuming wet skin, we can find the saturation vapor pressure at the skin temperature (36°C)
from a steam table or from the NIST Webbook:

Psai = 0.0059479 MPa = 5948 Pa
Then, by following Example 11.3, we find
My, 0,5kin = 0.03736
For the mass fraction of water in the air at a relative humidity (RH) less than 1, the mole fraction is
_ PH,0,00m _ RH - poy(Tro0m)

XH,0,r00m = - (*)
2 Pam Pam

Referring to a steam table

Dsat =

6633 Pa 38°C
7788 Pa 41°C

and with eqn. (*) and Example 11.3

0.00819 RH 20%, 38°C
0.0243 RH50%,41°C

N.B.: The amount of water vapor in the air becomes much higher with seemingly small increases
in the temperature and RH.

We must also consider the maximum rate of sweat evaporation, 1 L/h. The associated heat
removal is

mHQO,room = {

Qevap,max = pwaterhfg(l L/h)(OOO]- m3/L)(1 h/3600 S)
= (993.6)(2.414 x 10°)(0.001)(3600)"! = 666.3 W

We may now calculate all heat transfers for each of the four conditions, as in the table below.
When the evaporative heat transfer exceeded Qeyap max» We replaced it by 666.3 W.

20%, 38°C 50%, 41°C
Mode 300 W 600 W 300 W 600 W
Qrad -23.1 =231 —58.7 —58.7
Qcony —-27.3 —=38.2 —68.1 —-95.4
Qevap 666.3  666.3 476.5 666.3
Qrotal 616.0 604.9 350.9 512.0

Can one stay cool? Reading from left to right on the bottom row, in the first case a person
generating 300 W has twice the needed cooling power available and will not overheat. In the
second case, the person can barely stay cool enough (and note that these estimates have significant
uncertainty!). In the third case, the person can stay cooling, but again only barely. In the fourth
case, the person will not be able to remain cool and would likely need to stop and lie down.
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https://webbook.nist.gov/chemistry/fluid/

11.35 Biff Harwell has taken Deb sailing. Deb and Biff’'s towel fall
into the harbor. Biff rescues them both from a passing
dolphin , and then spreads his wet towel out to dry on the
fibergl ass foredeck of the boat. The incident solar radiation
is 1050 W/m2; the ambient air is at 319C with my g = 0.017;
the wind Speeg is 8 kngts relative to the boat (1 knot = 1.151
mph) ;i €rowel = Xpowel = 13 and the sky has the properties of
a black body at 283%K. The towel is 3 ft in the windward
direction and 2 ft wide. Help Biff to figure out how rapidly
(in kg/s) water evaporates from the towel. (Help Biff to
understand why Deb won’t date him anymore.)

Coushrucd an &wum balance on Hie towel:
S-1n Sw-\Qa.oeSf'- amv = n“zo"q";a Q sl ar

+q‘/u. q'oc'»\\l

S I s s B B

= %l
Fiw{\w% A a poo— oou&w)?or; towel
So "’L\L Aw wdu.a"d " TR SRS NN SR A S N N S N N
co ¢ /g’m g-‘ Le‘-% ,Qa (23 C_‘_f‘_'o
the boHow crg Yo bhwel i 2o.
C;ou«\o’.m&ha, the Ywo bco@wum/ we waé'-

c"'son—' ¥ a’;‘u} “Hnd T Feouv = nH-LO,5 “Q;}
S e gl
a = 1050 W/n* e 4
goeqr ) q-g!ua“ %%_ ] qvaﬁ"’"'B’Ts
and we l«o.,vo -‘-(Jl-&u. == 1 40“ -\'\4.& -&—aw-(.Q.

To Lt‘&;w N cofelations , Lete ascume Low-vates and
fvjopwi—;es o} yure aic at 4§t Yeuperdture To=36°C
(ie Tg= 41°C) Pe = L142 ka /W | k= 0.02680 Wimk,

M= l.@‘lga'»{o-s- ka,/m.s , ?‘—g = 0.7F10,

Desiter= 26922 16° m/s Sc.g'—"-o.cls"
The wind gfwzﬂ. M U= 30151 )(s200)(0.3048)[(2600) = 4, 11C wm/s.
The eérwﬂ&s nwwhor Rel_'—'-' 2,2F % 0% (Lansivar ) <o
MWM,..:%‘?-O,' %y(v;wa,)u)e Liave L¥= 8.27 W/mrk  and
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1—5;.—. = 0.00906I \(3,/»\"-3.

I terns o Hhe unlcnown, Ty, the Lows rufe Suergr

balance as

(1349 W/m™) —G‘T: + 45 (T, -T )= %’i B ‘%3’
where Ty = 304.2°K gud B awd Aga depad on T,
Solve Ltd:_ AtemHionw ou Tg:

(T, -~ 3042) = |24 - v T - Zg’;a B+
Guess Te , evduate He RHS with 4 Steam talle,
and stve Lor He value of Ty dmplicd o the Lits -

G’I—LGS& wa “:,O,S &-‘? B.WL T—W\vvﬂ:}f&
S

Ts (S/Ls )
2142 K 0.04924 240473 0.0339) 31%| “K
3152 0.05200 2404V9 0.03¢92 308.5
2147 0.05062 2403.| O.03S5A1 3i2.6

The surface demporature sfua{(dﬁa, Lwauw s 410°C
and %M Less Ahaw 41.5°C. Evaluete Hue e.va,?oraiﬁok_
rate ot 41.3°C : My, T0.05007 | oy, =2402.6 w:/u}/
Bm= 0-03481 5 bnpteld T,=412°C. ny , = (0.009061)-
(0.03481) = 0.0003154 kg i s.

Check P assumphions—: La(1+B. )| B = 0,983, Loy rofes
do apply; My ¢ = 0-0335"—0&‘6, chamaes wilk be Lo 9.
M. S bt since ot p and 9 decroase tla effed ow
V e small: fle presadt Wpﬂr*ha values awe adequate
§,,.. eua,;v\w%u& pur s The overall Suayordtion (uke
A W= 303040 (L) (0 2e) (N, , ) = 176 xio™ ¥ ky/s «
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PrOBLEM 11.36  Small water droplets evaporate rapidly dry air. Suppose that a droplet is
placed in a room at 30°C, 40% RH, and 1 atm. Calculate the lifetime of the droplet if its initial
diameter is 0.2, 0.5, 1, 2, and 5 pm.

SoLuTION  From Example 11.14, we know that the droplet cools rapidly to its wet bulb
temperature and then evaporates until it vanishes, following the D? law, eqn. (11.75). In particular,
My,o,s is the mass fraction of water vapor adjacent to the droplet at the wet bulb temperature.

Therefore, the first step in this problem is to find T, We can do this the hard way, by solving
eqn. (11.74), while calculating the mass fraction as in Example 11.3 for RH = py, ¢ ¢/ psar(Te)—o0r
we can do this the easy way, by using a psychrometric chart or psychrometric calculator. The author
has written many problem solutions already, so he chooses the easy way:

Tet burs = 20.0°C and y = 0.0106 kg H,O/kg dry air

Note that the moisture ratio on a psychrometric chart is for the dry bulb condition, not the wet bulb
condition. Some algebra relates y to my o,

M0, = Pu,0/P = 1/(1 + Pary air/ Pr,0) = 1/(1 + 1/y) = 0.01049

We are not completely off the hook, however, as we still need to find my,q s, which we do
as in Example 11.3. With a steam table, p,(20.0°C) = 2339.3 Pa; then eqn. (11.47) gives
Xp,o0,s = 0.02309, and eqn. (11.48) gives my o, = 0.01449.

Now we may turn our attention to eqn. (11.75). Call the droplet’s lifetime 7, so that D(t) = 0.
Then, by rearranging eqn. (11.75):

_ piD3
T =
8PDH20,gas(mH20,s - mHzO,E)

We need two densities and a diffusion coefficient. Liquid water at 20°C has p; = 998.2 kg/m?. At

water mass fractions near 1%, the density of air is close to that of dry air. We can easily be precise,
however, by using eqn. (11.8) and the ideal gas law:

=L m
p - R TMmlxture

_ (101325)
"~ (8314.5)(293.15)
The diffusion coefficient may be computed from eqn. (11.36):

(293.15)%072
1

[(0.02309)(18.02) + (1 — 0.02309)(28.96)] = 1.193 kg/m3

T2.072
Di,0,ir = 1.87 X 10—10(T =187 X 10—10( =2.42 %X 107> m?/s

Putting all this together, for 7 in seconds and D, in meters,
. [ 998.2 D2
8(1.193)(2.42 x 10-5)(0.01449 — 0.01049) | °©
= 1.081 x 10° D3

which looks very large until we notice that DZ = (10712 m?)! The results are summarized below.

Dy [um] 0.2 0.5 1.0 20 5.0
T [ms] 0.0432 0.270 1.08 4.32 27.0

Comment: Small droplets do not last very long! (Unless the air is quite humid!)
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PrOBLEM 11.37 A Couette flow (or stagnant film) model of a laminar boundary layer neglects
streamwise derivatives locally, so that the velocity varies in y, but not x, from u = 0 at the wall to
U, at the edge of the b.l., y = §. The b.l. thickness & is assumed increase only slowly with x. (a)
Show that u/u,, = y/& in laminar flow. (b) Calculate skin friction coefficient, C s the temperature
profile, T(y), and the Nusselt number, Nu,, in terms of § and &;. (c) Using eqns. (6.31b) and
(6.55), show that the laminar Couette flow model results in estimates of Cy(x) and Nu,, that differ
from eqns. (6.33) and (6.58) by a constant on the order of one.

SOLUTION
a) We start with the continuity equation, eqn. (6.11a), neglecting the x-derivative:
0

0 ov
o,

This equation gives v(y) = constant = 0, since v = 0 at the wall. The momentum equation,

eqn. (6.15), then becomes
=0
EZ 7! 6y2
Answer

0 0
u(y) =a+ by = M(wall + (uoo _M(wall)g = uoo% D —

which is easily solved for

b) The wall shear stress is

Ju Ul
oy y=0 o)
so that
Tw 2X Answer

Cqx) = =
() ou/2  ORey

The temperature profile satisfies eqn. (6.40), which simplifies like the momentum equation:

0 0
“ix TPy T %62 T

This equation can easily be solved for

T(y) = a+by =T, + (Tp — )g
t
in which ¢, the thermal boundary layer thickness. Then
_kg_T
__ = _k
(Tw - Too) 6t
and
hx X Answer
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¢) Now we can substitute the expressions for the boundary layer thicknesses from eqns. (6.31b)
and (6.55):

2X 2 Rex 0.431 Answer
Re,  4.64Rey  ./Re,

Cr(x) = 5

X xd \ Rex o) 1/215.1/3 Answer
Nu, == =>0 = — =0216Re/?pr!?
U= T35, aea s, OAl0RexThr

Comment: The coeflicients are low by about 2/3 relative to eqns. (6.33) and (6.58) because the
effective boundary thickness of the model is about 1/3 too large. In Section 11.8, this difference is
accounted for by eqn. (11.80), which may be regarded as defining &, to provide the correct gy, for
either laminar or turbulent flow.

PrOBLEM 11.38 (a) What are the largest and smallest values of the mass transfer driving
force, By, ,? (b) Plot the blowing factor as a function of B, ,. Indicate on your graph the regions
of blowing, suction, and low-rate mass transfer.

SOLUTION

a) The mass transfer driving force, By, ,, is

Let us first assume that m, ; > m,,. Then, as m, ¢ — 1, By, , — oco. If m, ; > m,,, then
B, = 0. Now assume that m, ¢ < my,. If m, ; — 0, By, , > —m,, > —1. Therefore,

Answer

b) The blowing factor is BF = In(1 + By, ,)/By, 2. As By, = o0, BF — 0. As B, , — —17,
BF — +00. For |By, 5| small, In(1 + By, 5) ~ By —Bpy 2/2+ -+, 50 BE ~ 1 =B, 5/2 + -+,
or succinctly

0, B
In(1 + Byn) m2
1—=By/2+ -, |Bpa| =0
Bm,2 +
oo, Bm’z - —1
The plot is as shown below.
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|n(1 + Bm,Z)/Bm,Z
A

—=———— Suction

&—— | ow rates

Blowing

Y

-1 -0.20.2 Bin.2
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11.39 (a) Perform the integration to obtain eqn.(11.85). Then
take the derivative and the limit needed to aet eans.

(11.86) and (11.87).

(o) 'A)L L\"W¢ %(— Iﬂ.—‘_ll + N, SCP LT)":O whidh  caw
(P Msami-c& owce .J«Mmdfaxwe'a.- :
T e e i

IQ‘e,cu-r-aM%p oud m+a»6vdl'¢» :

1.3_ T
Lay = g= | (0T __k IH(C- hisCri T )
'a' L(‘)\ C -Gyt T My C-WisCyiTs

o

2
o s lere Hae comsbat
: . -T W consk
) (_%Léu) = & = 5. #
k. M s A5 Cfn;ocpi Yo
GInVeus enct-

ﬁja-o a‘p\gﬁy-Hm, b.e. T(g:Sé)—_-TeJ:

Se vy sCpl
-Te _ e A o euce P
"ﬁ‘:?—%‘f( v \ 1 'i“ff’“h,(ﬁ e Aefine
TL‘-WS—/ /A'—'-‘(T;"TSV()/(\—YZ) ol we have gowuﬂ ‘!‘Lﬂv
unlenswre C-au.qA'a.x'/u, (A',g, C\. Subshiute -g-ot— yz A (*)
and V'Qarv‘a—m%c— ’

(Te-Teq) =T G-p) 0T -T)g-(T-%)
(Te"TsV]_) "’Ts(l-"Z) (Te-T5)

_T-T¥n-1) L4 o 4 M Cpi
pioor= I )

Now subechhete -gor-' vl and v‘@a.ﬂ-'a.w%a, Yo obduwe (11.85):

Ty el o

Te =T W’P(& ﬂé,sf'r’&)_d_
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3:0
Thew use L'Hos\o'\¥o£'5 rule o caﬂ;l- L -

Cei .
2% = Loy A = Liwit . K
“;,Szo M;}s—-)o (Stcpl)/k : %(S*‘””/‘CWL/IL\ 64,_
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PrROBLEM 11.40 (a) Derive eqn. (11.98) from eqn. (11.97). (b) In a test of a scramjet com-
bustor, gas is injected through a porous section of the combustor wall [1]. The gas velocity is
980 m/s. As a result of viscous friction and gas compression, the temperature of an adiabatic
section of the wall would be 1048 K: use this temperature as if it were the freestream temperature.
The heat transfer coefficient without injection is h* = 720 W/m2K. The injected gas is drawn from
a reservoir at 350 K at a mass flux of n; ¢ = 0.3 kg/m?s. What is the wall temperature T if the gas
is He, Ar, or N,? (c) Plot T for each gas if 0 < n; y < 1.5 kg/m?s.

SOLUTION
a) Substitute for & in eqn. (11.98) with eqn. (11.88) and divide through by n; sc,, ;:
_ T, + Tr[exp(ni,scp,i/h*) —1]

1+ [exp(ni,scp,i/h*) - 1]

Answer

=T, +(T,. - T,) exp(_ni,scp,i/h*) -

b) The specific heat capacity does not depend strongly on either p or T, so we will overlook
variations in the thermodynamic state, using 1 atm values from Table A.6 at 350 K:

521 J/kgKk  Ar 0.217 Ar 912K Ar
i,s“p,i Answer
Cp,i = 31043 J/kgK N2 e = 410.435 Nz Ts =141802 K N2 —
5193 J/kgK He 2.164 He 430 K He
c)
1,000
900
800
g 700
600
500
400 — —
300 | | | | | | |
0 0.2 04 06 0.8 1 1.2 14
Mass flux, n; ¢ [kg/m?s]
REFERENCE:

[1] T. Langener, J. von Wolfersdorf, and J. Steelant, “Experimental Investigations on Transpi-
ration Cooling for Scramjet Applications Using Different Coolants,” AIAA J., 49:7:1409-1419,
2011.
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PrOBLEM 11.41 Dry ice (solid CO,) is used to cool medical supplies transported by a small
plane to a remote village in Alaska. A roughly spherical chunk of dry ice, 5 cm in diameter, falls
from the plane through air at 5°C. It reaches a terminal velocity of 40 m/s. What are the temperature
and sublimation rate of the dry ice, assuming steady conditions? The latent heat of sublimation is
about 590 kl/kg and log, ,(p, bar) = 6.81228 —1301.679/(T K — 3.494). The surface temperature
will be well below the solid-vapor equilibrium temperature of CO, at 1 atm, which is —78.5°C.
Use this correlation for forced convection over a sphere in air at room temperature

Nup = 2 + 0.493 Rel4? + 0.0011 Rep

for 7800 < Rep < 2.9 X 10° [1], and approximate the Prandtl number dependence. Neglect heat
conduction into the ice. Hint: First use the properties of pure air, and then correct the properties if
necessary.

SoLuTION This calculation is analogous to a wet-bulb temperature calculation if heat con-
duction, q,,, into the dry ice is neglected. Heat conduction would reduce the amount of energy
available for sublimation at the surface, so that when we neglect conduction we obtain an upper
bound on the sublimation rate and a lower bound on the surface temperature.

For a property reference state, we may first use the properties of pure
air. We don’t know the surface temperature, although it will be below
—78.5°C. We can pick a film temperature that is easy to interpolate in
Table A.6, say Ty = 225 K (which corresponds to Ty = —101.3°C).

From Table A.6, for air: k = 0.0206 W/m-K, v = 0.944 x 10~ kg/m-
s, Pr=0.721, p = 1.57 kg/m>. We find the diffusivity from eqn. (11.108)
with OAB = 3.785 A, EAB/kB = 1294, QD(1739) = 1.132:

Do, i = 0.9254 X 10> m?/s  so  Sc = 1.02

In the absence of conduction, the heat convected to the surface will balance the latent heat of
sublimation. Our energy balance is

Qecony = hsf,C02 nCOZ,S

h(Ty, — Ty) = hgf.c0,8m In(1 + By, co,) *)
The Reynolds number is
(40)(0.05) 5
Rep=————"—-=212X1
D = 0,944 x 10-5 x 10

and so mD = 462, from which

h* = (462)(0.0206)/(0.05) = 190.3 W/m-K

Now we face a minor problem: the correlation is for heat transfer in air at Pr = 0.707 or so.
The Prandtl number dependence is likely to be Pr'/3 or so. Thus, the difference for Pr = 0.721 is
negligible. On the other hand, to use the analogy of heat and mass transfer, we must correct to Sc

= 1.02, so we multiply the Nusselt number by (1.02/0.707)*/3 = 1.13 to find ﬁm,D = 522 from
which .
g = (522)(1.57)(0.9254 x 107°)/(0.05) = 0.1517 kg/m?s

Now, for the guessed surface temperature Ty = —101.3°C = 171.9 K, the vapor pressure is

log, (P, bar) = 6.81228 — 1301.679/(171.9 — 3.494) = —0.9171 or p, = 0.1210 bar
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which gives Xcg, ¢ = 0.1194, with eqn. (11.15) and then mcq, s = 0.1708, with eqn. (11.9). The
mass transfer driving force is
B 01708 -0
mC02 ™ 1 - 0.1708
This value is at the edge of the low-rate mass transfer regime, but we can still apply the high rate
equations. The right-hand side of eqn. (*) provides

= 0.206

Nco,,s = g_*mln(l + Bm,coz) = 0.02842 kg/mzs
and eqn. (11.88) with ¢, co, = 780 J/kgK leads to h = 179.4 W/m*K. Then we use eqn. (*) to find

hsf,coz_ncoz,s sy (5.90 X 10°)(0.02842) _ 88 5°C
h 179.4

(It would make sense to put these equations into a spreadsheet to do the [tedious] iterations
needs to find the solution. However, as the author is old school, a hand iteration follows.)

Some caution is needed in making the next guess because the vapor pressure rises exponentially
with temperature: a big temperature change will cause a massive increase in vapor pressure, but our
two temperature estimates are close enough that a big change does not seem appropriate. Instead,
we will repeat the calculation with T, = —97°C = 176.2 K. Then

log,,(p, bar) = 6.81228 — 1301.679/(176.2 — 3.494) = —0.7247 or p, = 0.1885 bar

which gives X¢o, s = 0.1860 and mcq, ¢ = 0.2578. The mass transfer driving force is

_0.2578 -0
mCOo; ™ 1 _0.2578

Then, neg, s = 0.04522 kg/m?s, h = 173.2 W/m?K, and we solve as before:

B (5.90 x 10°)(0.04522) .
T,=5+ 1732 = —149.0°C
The calculation is obviously very unstable. So we need to guess a lower value, say T, = —99°C.

Proceeding as before, but with Ty = —99°C, we find X, ¢ = 0.1510, mcq, s = 0.2128, B, co, =
0.2703, nco, s = 0.03630 kg/m?s, h = 176.5 W/m?K, and we solve as before:

(5.90 x 10°)(0.03630)
Ty, =5 = —116.3°
ST 176.5 ¢
At this point, we may reasonably conclude that —99°C < T; < —101.3°C. Further iteration does
not make sense, given other approximations and uncertainties. We may estimate the sublimation

rate as the average of the values computed at these two temperatures:

TS = Tair -

= 0.3473

Answer
T, ~ -100°C  «——

Answer

Nco,s = (0.02842 + 0.03630)/2 = 0.032 kg/m?s  ———

The final temperature is very close to our guessed film temperature. The film composition is
about 10 wt% CO,. Given this low amount and the relative similar of many air and CO, properties,
adjustment of the property reference will not significantly improve the accuracy of the solution.

Comment 1: The ambiguity in the Prandtl number dependence of the Nusselt number is a real-
world problem. Available correlations that include the Prandtl number do not extend to such a high
Reynolds number [1]; and those correlations, when extrapolated for air, give a value well below the
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very accurate correlation for air from Ref. [1]. Extrapolating the Prandtl or Schmidt number from
0.7 to 1 is likely to provide better accuracy than extrapolating the Reynolds number.

Comment 2: The conduction heat flux at the surface of the ice may be small compared to the
convective heat flux outside, as a result of the high temperature difference and the very high value
of h. We can calculate the conduction flux for Fo > 0.2 by differentiating eqn. (5.42) with respect
to r (in f;) for Fo > 0.2. Skipping the details, this calculation leads to

. dT| _ KkATA,
q“‘_kﬁr‘_ r

[ cos(4,) — sin(4,)/4; | exp(—23 Fo)

We lack property data for dry ice, but can crudely approximate k ~ 1 W/m-K and a ~ 10~ m?/s.
This makes Bi ~ 4.5, so that A; ~ 2.5 and A; =~ 1.75. Hence,

qu ~ 7315 exp(—6.25 Fo) W/m?

Since the ice is falling fast, let’s consider only Fo = 0.2. That’s t = (0.2)r2/a ~ 125 s. The ice
will have fallen 5000 m at terminal speed by then, so it’s very likely to reach the ground within this
time frame. In any case, the flux at this time is:

qu ~ 2100 W/m?

The convective heat flux is hFAT = 178(5 4+ 100) = 18.7 kW/m, which is almost 9 times larger.
We conclude that conduction is negligible by the end of a long fall, but that it will be larger and
perhaps significant in the early stages of the fall.

REFERENCES:

[1]J. B. Will, N. P. Kruyt, C. H. Venner, “An experimental study of forced convective heat transfer
from smooth, solid spheres,” Int. J. Heat Mass Transfer, 109:1059-1067, 2017, doi:10.1016/j.ijheat-
masstransfer.2017.02.018.

[2] Sublimation data are from NIST, https://webbook.nist.gov, accessed 9 February 2024.
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11.42 Steam condenses on a 25-cm-high, cold vertical wall in a
low-pressure condenser unit. The wall is isothermal at
259C, and the ambient pressure is 8000 Pa. Air has
leaked into the unit and reached a mass fraction of 0.04.
The steam-air mixture is at 459C and is blown downward past
the wall at 8 m/s. (a) Estimate the rate of condensation
on the wall. (b) Compare the result of part (a) to conden-
sation without air in the steam. What do you conclude?
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From Table A.5:

= 0.05766 kg/m’

¥
cp, = 1935 J/kg-K g = 1.037x10"° kg/m-s
k = 0.01975 W/m-K Pr = 1.02

The W&s Amnlovr Ap. Q@L= 11,126 : Laminor
Colowdate L5 Lrow. equakion (6.68) : £ = 5.570 W[ mX.

r(waﬂbx, ccveougai‘e % . Use the same property ref. state.

From (11.36), Duro-air = 3.556x107* m?/s. Calculate Sc = 0.506.

Using (6.68) with the analogy of heat and mass transfer, Nuy,

= 121.6. Solving: gp* = 4.577x10°% kg/m?-s.

The 0\014‘«’47(';\40& zo_‘,u-ﬁows are:

£\ (zuca.z —:r;\ _Wu-,,o,s (2.4-3‘5)(\0") = L1197 )ll04'(:!35--2‘1‘3.7%2¥

°|

Hpo,s =(4:577x107%) fou (1 + Bt )

z: = (z\‘“zols G(’Hzo )/[—@Y—\o (—VT;_DOISCpr/S.57O)—-I]

+ Sleaud -La&/e(, “g-or' MiLo,s (T; ) IA-)Q' g"‘eue A“'@r“*‘\@&&

goc-—"\;: Use eqn. (11.48) for the mass fraction. The overall
calculation is best done with a spreadsheet.

TS NNzO;S Z‘MJ“LO n“ﬂ,s -‘e" -—r;

Ced (ygp-sd (W) (c)
30.0 0.4131 -092\9® -0.01229 24.13 2@.45
28.5 0.3712 -0.9364 -0.01261 24.71 28.58
28.6 0.3775 -0.9357 -0.01256 24.62 28.56

It appears that Tg is about 28.5 degC. This implies a film
temperature of 310 K and film composition of 66.9 wt% H,O0,
compared to 315 K and 100 wt% for our property ref.

state.
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An additional iteration on the property reference state
increases g," by about 5%, but has little effect on h*. The
net result is to raise Tg; to 28.8 degC (negligible), but
also to increase the mass flux to about -0.0131 kg/m?’s.

e
Comdonsation ruke My , = 0.013 =¥ g

(b)) Wik aim, the Lawid sarcface I e ok Ty (emofa
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PrOBLEM 11.43 (a) Compute the binary diffusivity of each of the noble gases when they
are individually mixed with nitrogen gas at 1 atm and 300 K. Plot the results as a function of the
molar mass of the noble gas. What do you conclude? (b) Consider the addition of a small amount
of helium, xy, = 0.04, to a mixture of nitrogen, xy, = 0.48, and argon, x,, = 0.48. Compute
Dye,m and compare it with D, ,,. Note that the increased concentration of argon does not raise
its diffusivity in the mixture.

SOLUTION
a) We can make a table, with reference to Tables 11.3, 11.4, and eqn. (11.108):

Ar He Kr Ne Xe

Ta, [A] 3516 3.115 3.608 3253 3.804
ean,/ks [K] 110.5 2895 1327 53.68 149.4
kgT/ean, 2714 1036 2261 5589 2.008
Qp 0.9769 0.7382 1.0331 0.8241 1.0746
M [kg/kmol] 39.95 4.003 83.80 20.18 131.29

@a,NmeS [m%/s] 1970 7.203 1.567 3.233 1.292

8.0 T T T T T T
©, He
- 6.0 —
>
S
— 40 X ]
X s
=z ©
5 Ne \\
D ~~~
2.0 — O--__ ]
S
Xe
0.0 Lol EREEEEE
10' 102

Molar mass [kg/kmol]

Answer
We see that the lighter species diffuse more readily than the heavier ones. «———

b) Use Blanc’s law, eqn. (11.109). With eqn. (11.108), we compute Dy 5, = 7.664 X 10> m?/s.
Then
XAr XN, ( 0.48 0.48 > 5 s 2 Answer
D = =——+ —— X 10° = 7.736 X 10 /s —
fem (ﬂﬂe,Ar " ZDHe,N) 7.664 © 7.203 mers

Since helium is a trace gas, it has little effect on the interaction of argon and nitrogen, so

- 5 - Answer
DAr,m = Z)AF,NZ =1.970 X 10° m /s —

The helium diffuses more readily than the heavier argon.
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ProOBLEM 11.44 A mothball consists of a 2.5 cm diameter sphere of naphthalene (C,yHjg) that
is hung by a wire in a closet. The solid naphthalene slowly sublimes to vapor, which drives off the
moths. Estimate the lifetime of this mothball in a closet with a mean temperature of 20°C. Use the
following data for napthalene

o=6.18A, e/kg = 561.5K,

and, for the solid, p¢c, g, = 1145 kg/m? at 20°C. The vapor pressure of naphthalene near room
temperature is approximated by

log, ,(p, mmHg) = 11.450 — 3729.3/(T K)

The integral you will obtain can be evaluated numerically. The latent heat of sublimation and evap-
oration rate are low enough that the wet-bulb temperature is essentially the ambient temperature.

SOLUTION
Natural convection is driven by a higher concentration of naphthalene near the mothball. At
20°C (293.15 K) for 1 atm = 760 mmHg, with Mc, i, = 128.17 kg/kmol,
pp = 0.05352 mmHg (7.136 Pa)
XCyyHgs = Po / Pam = 0.05352 / 760 = 7.042 X 1073
(xCloHS,S)(128.17)
[(xclng,S)(128'17) +(1 - xC]OHg,S)(28‘96)]

The closet should maintain only a very low concentration of naphthalene, so mc, y, s = 0. Further,
the concentration of naphthalene is low even close to the mothball, so we can use the properties of
air for all properties except for the gas density near the mothball.

To find a mass transfer coefficient, we must estimate the diffusion coefficient with eqn. (11.108)

=3.116 x 10~

Mc,oHg,s =

_ (18583 x1077)T32 [ L1
PIiQp My Mg

Dap (11.108)

for p in atm, T in K, and D 45 in m?/s. We use eqns. (11.106) and (11.107) and Tables 11.3 and
11.4 to find the necessary constants at T = 293.15 K:
0ap = (0c, g + Oair)/2 = (6.18 +3.711)/2 = 4.95 A

€ap / kg =V (561.5)(78.6) = 210K, kT /esp = 1.40
Qp(1.40) = 1.2335

so that

(1.8583 x 1077)(293.15)3/2 1 1 .
DC]QHg,aiI‘ = (1)(4‘95)2(1-2335) + = 6.35 X 10 m /S

128.17 28.96
and with v, = 1.51 X 10™> m?/s, the Schmidt number is
Sc =v/ D¢ gigair = 1.51 X107 /6.35 X 107° = 2.38

Now, the naphthalene-containing air near the mothball will be denser than the fresh air farther
away, so a natural convection boundary layer will form. For natural convection on a sphere, we use
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eqn. (8.33) with the analogy between heat transfer and low rate mass transfer

0.589 Ra}*

Nu,p =2+ 75 (8.33)
[1+ (0.492/Sc)9/16]
ng 1/4
— =2+4+0.5053 Ra (*)
pDC]QHg,air b
D .
- 1/4 P CoHg,air
g, = [2+0.5053 Ra}*] —5 (*%)
where the diameter of the mothball, D, decreases in time. The Rayleigh number is
Ap D3
Rap = _E5D°
IOVZ)CLOHg,air

We may find the densities using the ideal gas law. The mixture molar mass at the surface of the
mothball is, with eqn. (11.8),
Mol - 316X 10~* L 1=3116% 10~*
MRS T 128.17 28.96

= M,ix s = 28.967 kg/kmol

and

PM ix s (101325)(28.967) 3
. S _ = 1.20419 kg/
Pmix,s ReT (8314.46)(293.15) =
pPM,;, (101325)(28.96) 3
o — = 1.20390 kg/
Pmix,e ReT (8314.46)(293.15) =

These densities differ by a very small amount, so a large number of digits must be carried. Then,
(9.806)(1.20419 — 1.20390)D3
(1.204)(1.51 X 10—5)(6.35 X 10-°)
Because the density difference is very small, so is the Rayleigh number: the initial value (for
D = 2.5cm) is only 388.5. However, from eqn. (*), we find that the Nusselt number varies between
2 and 4.24, so that both terms in eqn. (*) remain important.

A mass balance on the mothball gives us

Rap = = 2.49 x 10’ D3

d T _ _
E(pC1()H8,SOIidED3> = —nD? gmAmCme = nD? 8mMcoHg,s
T dD _

(PCl()Hs,solidE Z)E = —nD? 8 Mc o Hg,s

and with eqn. (¥*)
d_D _ = sz]ng,S
di = 5m P Hg,solid D PC o Hg,solid
B _(2 + 35.69 D3/4)(2(1.204)(6.35 X 1076)(3.116 X 10—4))

pﬂC lng,air szlng,s

= [2 +0.5053 (2.49 x 107 D?)1/4]

D 1145

2 . D3/4
= (—4.161 X 10—12)<i>

D
This equation can be integrated from the initial diameter D, to zero:

T J\D0=0.025 m DdD
dt =

= 8.766 X 10~
(2 + 35.69 D3/4)

(4.161 x 10712) J

0 0
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where the integral was evaluated numerically (in this case, using wolframalpha.com). Solving for
the time, T':

8.766 X 10_5 Answer
T=——_——"—=21 107 sec = 243.
1161 x 10-12 07 X 107 sec 3.8 days —

The mothball lasts about 8 months.

Comment 1: The vapor pressure rises very rapidly with temperature. If the closet is warmer, the
mothball lifetime will be much shorter.

Comment 2: Air circulation in the closet (as from drafts, HVAC systems, or room scale natural
convection) would increase the mass transfer coefficient and shorten the lifetime of the mothball.
Such circulation is more likely than not.

Comment 3: If the mothball is placed in a small closed container, such as a drawer or box, the
concentration of naphthalene may eventually rise to match the vapor pressure of naphthalene at the
surface of the mothball. In this equilibrium condition, the sublimation rate would drop to zero.

Comment 4: Naphthalene is considered to pose health hazards. Its use in mothballs has been
banned in the EU since 2008.

Comment 5: A fuller equation for the vapor pressure of solid naphthalene from 230 K to
T, = 353.34 K is given by: D. Ambrose, I.J. Lawrenson, C.H.S. Sprake, “The vapour pres-
sure of naphthalene,” J. Chemical Thermodynamics, 7(12):1173-1176, 1975. doi:10.1016/0021-
9614(75)90038-5
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PrROBLEM 11.45 In contrast to the naphthalene mothball described in Problem 11.44, other
mothballs are made from paradichlorobenzene (PDB). Estimate the lifetime of a 2.5 cm diameter
PDB mothball using the following room temperature property data:

c=576 A  ¢/ky=5789K  Mpps = 147.0 kg/kmol
log, ,(p, mmHg) = 11.985 — 3570 /(T K)
Pppp = 1248 kg/m®

SoLuTION  Natural convection is driven by a higher concentration of paradichlorobenzene
near the mothball. At 20°C (293.15 K) for 1 atm = 760 mmHg, with Mppg = 147.0 kg/kmol,

P, = 0.6411 mmHg (136.8 Pa)
XppB,s = DPv / Datm = 0.6411 / 760 = 8.436 X 1074
(xppB,s)(147.0)
[ (Xppp,s)(147.0) + (1 — Xppp,5)(28.96)

The closet should maintain only a very low concentration of paradichlorobenzene, so mppg ¢ = 0.
Further, the concentration of paradichlorobenzene is low even close to the mothball, so we can use
the properties of air for all properties except for the gas density near the mothball.

To find a mass transfer coefficient, we must estimate the diffusion coefficient with eqn. (11.108)

(1.8583x 10°)T32 [T 1
B PI4iEQD My ¥ Mg
for p in atm, T in K, and D4 in m?/s. We use eqns. (11.14-15) and Tables 11.2 and 11.3 to find
the necessary constants at T = 293.15 K:
oap = (Oppg + 0uir)/2 = (5.76 + 3.711)/2 = 4.736 A

eap [ ks =\(578.9)(78.6) = 213K, kpT / eap = 1.374
Qp(1.374) = 1.244

=4.267 X 1073

Mppp,s =

B (11.108)

so that

1.8583 x 10~7)(293.15)3/2
( X ) \/ 1 1 _ 6.23 X 107% m?%/s

D o=
FDB,air (1)(4.95)2(1.244) 1470 T 28.96
and with v,;, = 1.51 X 10~> m?/s, the Schmidt number is
Sc=v/ Dpppair = 1.51 X 107° / 6.23 X 1076 = 2.42

Now, the p-dichlorobenzene containing air near the mothball will be denser than the fresh air
farther away, so a natural convection boundary layer will form. For natural convection on a sphere,
we use eqn. (8.33) with the analogy between heat transfer and low rate mass transfer

0.589 Ray*

Nuy,p =2+ 75 (8.33)
[1+ (0.492/Sc)9/16]
ng 1/4
—"M_ =2+0.5059 Ra (*)
PDrpB,aic D
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PDppp air

- 1/4
g,, = [2+0.5059 Ra}*] - (%)
where the diameter of the mothball, D, decreases in time. The Rayleigh number is
Ap D3
Ray = E20D°
PVDppp air

We may find the densities using the ideal gas law. The mixture molar mass at the surface of the
mothball is, with eqn. (11.8),

_ 4267 %x107% 1-—4.267x 1073
Myl = +
mix, s 147.0 28.96

= Mix,s = 29.060 kg/kmol

and
PM,ixs  (101325)(29.060) 3
o S _ = 1.20804 kg/
Pmixs = ~por (8314.46)(293.15) =
_ PMy;, _ (101325)(28.96)
Pmixe = "o = (8314.46)(293.15)

These densities differ by a very small amount, so a large number of digits must be carried. Then,

(9.806)(1.20804 — 1.20390)D3
(1.206)(1.51 x 10-5)(6.35 X 10-6)

Because the density difference is small, so is the Rayleigh number: the initial value (for D = 2.5 cm)
is only 5446. However, from eqn. (*), we find that the Nusselt number varies between 2 and 6.35,
so that both terms in eqn. (*) remain important.

A mass balance on the mothball gives us

= 1.20390 kg/m3

=3.49 x 108 D3

RaD =

d T — _
a(pPDB,solings) = —nD? 8,,Amppp = nD? 8, /M'PDB,s

(pPDB,solid%D2>Cji_lt) = —nD? gmmPDB,s
and with eqn. (¥*)
db _ _ 2Mppp 5
dr = 8m PPDBsolid D pPppB,solid
2 4 69.13 D34\ [ 2(1.206)(6.23 X 107%)(4.267 x 1073)
- _< D )( 1145 )

D . 2m
= [2 +0.5058 (3.49 x 108 D)"/4] P PDB,air ZMPDB,s

2+ 69.13D%4
= (—5.600 X 10—11)(+—>

D
This equation can be integrated from the initial diameter Dy, to zero:
T Dy=0.025 m
DdD
(5.600 X 10—11)J dt = J
0 0 (2 + 69.13 D3/4)

where the integral was evaluated numerically (in this case, using wolframalpha.com). Solving for
the time, T':

=6.287 X 10~

6.287 X 107> )
- leo—ﬂ = 1123 X 10° sec = 13.0 days «————

The mothball lasts about two weeks.
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Comment 1: The vapor pressure rises rapidly with temperature. If the closet is warmer, the
mothball lifetime will be much shorter.

Comment 2: Air circulation in the closet (as from drafts, HVAC systems, or room scale natural
convection) would increase the mass transfer coefficient and shorten the lifetime of the mothball.
Such circulation is more likely than not.

Comment 3: If the mothball is placed in a small closed container, such as a drawer or box,
the concentration of paradichlorobenzene may eventually rise to match the vapor pressure of
paradichlorobenzene at the surface of the mothball. In this equilibrium condition, the sublima-
tion rate would drop to zero.

Comment 4: Paradichlorobenzene is considered to pose health hazards. Its use in mothballs has
been banned in the EU since 2008.

11.46 Compute the diffusivity of methane in air using a.) equation
(11.108) and b.) Blanc’s Law. For part b.) ignore argon: use

Xmethane = ©-05, T = 420°9F, and p = 10 psia.

a) Ceny-ain = 2*435-3/(6/"-)&,,-@1»:- = \08.| K from eqgns.(11.106-107)
kT/€= 4.523 +o, fom Talle 2.2, [(lp=0860(. The pressune
A.é- f‘(lo/\4~.6ﬁ¢,)=o,égo§ atur . Qﬂ;ﬁ (11.108) T‘Jor'.

D _ ___Q.esasy:c:"’)(tlrsa.q);"'— J { 4 -4 !
cy-r (2.23S)% (0.cgos)(o.8c01) N 2Bac  16.o4

= 2.658* 0% ha’fe, -

b) We weed Dp,cqy Duz-om, ) Yo, jomd Yy, for em.

0,~GCHyg ! 0= 3.575 R , €/l = 134.5 {2,= 0.9008 - O= 7.840 xu’is%"
Nz-CHg® &= 3.732 A &k=1.123K Qy= o0.8686 - D= 7.463 00> Mg
Ko = 0.9, 50 thot' 1 Uy ©(0.30)(095) = O.74, %, 5(0.2(0.9¢)=0.20

Thus, eqn. (11.109) yields:

-1
. = -;’4’ ] g o
'DC‘W—;“"' i70463 + 70:400 f i - e g Nl
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PrROBLEM 11.47 In Section 11.5, pD;, or ¢D;, were at times assumed to be independent
of position. Consider this approximation for gases. (a) Do these two groups depend on pressure,
temperature, or the proportions of species 1 and 2? Are isobaric conditions necessary to hold
either group constant? (b) For what type of mixture is p2;, most sensitive to composition? What
does this indicate about mole versus mass-based analysis? (c) Do Pr or Sc depend on composition,
temperature, or pressure?

SOLUTION

a) For ideal gases

_ _ P
=rr M P=Mpop

where M depends on the mole or mass fractions of species 1 and 2 from eqns. (11.8). The
diffusion coefficient from eqn. (11.108),
_ (18s83x107)132 [T L
2 P01229D M, M,
does not depend on mass or mole fraction. Recall that Q depends on temperature. Thus,

1/2
¢D,, x —— = function of T only
Qp

c

MTI/ 2
pDy; x o - function of T and mole fraction
D
Neither group depends on pressure, so isobaric conditions are irrelevant. «———

Answer
b) The molar mass is

M= lel + szZ
When the spatial variations of mole fraction are large, M can change significantly with
position. However, if M; ~ M,, the value of M is not sensitive to changes in mole fraction.

The sensitivity to composition is greatest when M; and M, are very different. AE—
nswer
So, pD,, is nearly constant in isothermal mixtures of gases with similar molar mass, or

when the composition does not vary much. On the hand, ¢2D;, stays constant in an isothermal

mixture of any pair of gases even if the concentration changes are large. «——
Answer

¢) We have

v _ ,LLCp

a k

and we know from Section 11.10 that u and k depend on T and composition, but not on p.

Also, ¢, is constant for an ideal gas. So, Pr is a function of temperature and composition.
Likewise,

Pr =

v H
Sc=— =
D1z pDrz
From the result of part (a), the denominator depends on T and composition. Thus Sc is also
a function of T and composition.

Pr and Sc depend on temperature and composition, but neither depends on pressure. «———
Answer
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PrOBLEM 11.48 A dilute aqueous solution containing potassium ions is subjected toa 1 V/cm
electric field. A measurement suggests that the K* ions move at 4 X 10™* cm/s in response to the
field. Estimate the effective radius of K™ ions if the solution is at 300 K. The charge of an electron
is —1.609 x 107 Cand 1 V/m = 1 N/C.

SoLuTiON The force on a K* ion is
F = (1.609 x 10~° C)(1V/cm) = 1.609 x 10~ N

From the Einstein relation, eqn. (11.111), the diffusion coefficient is

UK+
D+ 0 = kpT <FK+ )

(4 x 10~* cm/s)(0.01 m/cm)

= (1.38065 x 10~23 J/K)(300 K
( X ) (1.609 x 10-17 N)

= 1.03 X 107° m?%/s
K" ions have a radius similar to water molecules, so eqn. (11.114b) is applicable. Rearranging that
equation and taking py,o from Table A.3,
k,T
47y, 0D K*,H,0
B (1.38065 x 10723 J/K)(300 K)
 47(8.54 X 10~4 kg/m-s)(1.03 X 109 m?/s)

RK+ =

Answer

=375Xx100°9m=375A —

Comment 1: Tons in aqueous solution are surrounded by a shell of water molecules which are
attracted by hydrogen bonding. This hydration shell can be several times the size of an isolated ion.
For potassium, the hydration shell may consist of 5—7 water molecules [1]. The average reported
radius of a hydrated potassium ion is 3.32 A [2]

Comment 2: The “experiment” described here is completely made up!

REFERENCES:
[1] John Burgess, “Solvation numbers.” In John Burgess (ed.), lons in Solution, Woodhead
Publishing, 1999, Chapter 2, pp. 28-35, doi:10.1533/9781782420569.28.

[2] Bruce Railsback, Some Fundamentals of Mineralogy and Geochemistry, http://railsback.org/Fun-
damentals/IonicChargeRadiusPlotO6P.pdf
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11.49 a.) Obtain the following diffusion coefficients: (i) for

dilute CCl4 diffusing through liquid methanol at 340 K, (ii)
for ditute benzene diffusing through water at 290 &,

(iii) for dilute ethyl alcohol diffusing through water at
350 K, and (iv) for dilute acetone diffusing through methanol
at 370 K. b.) Estimate the effective radius of a methanol
molecule in & dilute aqueous solution.

a) Use &q’.w(11.115)au4 Arf’ A. ) Mpathand = 3.3%10°4 k‘&/w-s

(340) .15 7 [
= —=——Z——(4.4x10 0.042 \"06 35,52\
z)m[-me'“\.. (3,3 X0 J( ) o.|oL ) 29. q?>
= 4.3% 10 MYs
., - -3 . ‘ =
() oy o = 1123%10 Lalw s, EQn(11.115)2.v¢5 @Q“? L Q94410 WY

(M)/uu’p—36$'x(o4' ka,/m.s E,?. (11. 115)awesf @A‘«}l 0,0 34-CIX|0
(A.V)/u,“@b‘ 24.3(\0 l(ﬂ,/u S, usma, @q_w (11.115) we Lwc

- _(3%0) el 0041.)* 25.53
@wf‘.-lﬂ“hﬂ. (2‘4’"‘0-z) (4 ' ) o4 (26 a0 —.2.2‘..(_@—

b) Use egs (11.114b) amd (11.115).  Frow (11.115), Dpe /T =
4'||£|D"§|¢a_.m/g, s*, %aevrkk (11.114Db) gol"ﬂ ) we \Mwe/'.

Kmd—k (D.m’rh— o Muso) ' (3005w 0 ) = 2£%%10
AT (4,10 1157F)
= 2.6%F Z“'_‘
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PrROBLEM 11.50 Use eqn. (11.116) to calculate the dynamic viscosity, i, of gaseous methane,
hydrogen sulfide, and nitrous oxide, under the following conditions: 250 K and 1 atm, 500 K and
1 atm, 250 K and 2 atm, 250 K and 12 atm, 500 K and 12 atm. Is the calculation possible in every
case?

SOLUTION

The dynamic viscosity of ideal gases is independent of pressure. However, we must also consider
whether the fluid remains gaseous or liquefies as the pressure is increased. The six conditions
described involve a maximum pressure of 12 atm and a minimum temperature of 250 K. So, we can
start by checking whether each fluid is gaseous at 250 K and 12 atm, which requires us to obtain data
outside this textbook, as from the NIST Chemistry Webbook, https://webbook.nist.gov/chemistry/.

To check for phase transitions, we can look at the 12 atm isotherm for each fluid to see whether
the fluid remains gaseous at 250 K. Nitrous oxide remains gaseous at 12 atm. Hydrogen sulfide at
250 K liquefies at a pressure of 4.83 atm, so, we cannot evaluate gaseous u for H,S at 250 K and
12 atm. We must also check the 500 K isotherm, and we find that H,S remains gaseous. Methane
also remains a gas under the given conditions (in fact, these temperatures exceed the methane’s
critical point temperature of 190.6 K, with pressures below the critical point pressure of 46.1 bar,
so methane is clearly gaseous).

Equation (11.25) is

VMAT
Ha = (26693 x 1076)~ 52— (11.116)
GAQﬂ
so we need to find o, M, and Q,(T) for each gas at each temperature.
T =250K T =500 K

Gas o [A] e/kg [K] M [kg/kmol] Qy U [kg/m-s] QM U [kg/m-s]
CH, 3.758 1486 16.04 1.254 9.545 % 107° 1.010 1.676 x 107>
H,S 3.623  301.1 34.08 1.747 1.075x 107> 1.261 2.105x 107>
N,O  3.828 2324 44.01 1.531 1.248 x 107> 1.145 2.360 X 107>

Equation (11.125) does not depend on pressure, so these values apply at 1 atm, 2 atm, and 12 atm,
with the exception of H,S for which the value does not apply at 12 atm.

Comment: These predictions can be compared to the more complex reference correlations in the
NIST Webbook (below, in kg/m-s). The predictions are within £4% or better of the NIST values.

T =250K T = 500 K
Gas p=1atm p =12 atm p=1atm p =12 atm
CH, 9.471x107% 9.647 x 107 1.690 X 10™> 1.701 X 10~
H,S 1.030 X 107> liquid 2,108 X 10~ 2.121 X 107>
N,O  1.249x 107> 1.299 x 107 2.357 X 107> 2.375 % 107>
378
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A student is studying the combustion of a premixed gaseous
fuel with the molar composition: 10.3 percent methane, 15.4
percent ethane, and 74.3 percent oxygen. She passes
0.006 ft3/5 of the mixture (at 70°F and 18 psia) through a
smooth 3/8 inch ID tube, 47 inches long. a.) What is the
pressure drop? b.) The student’s advisor recommends pre-
heating the fuel mixture, using a nichrome strip heater
wrapped around the last S inches of the duct. If the heater
produces 0.8 W/inch, what is the wall temperature at the
outlet of the duct? Let Cp,CHa = 2280 J/kg-PK, YCHq = 1.3,
€p,CaHe = 1730 J/k9-°K, Yp,pyo = 1.2, and approximate the
L2l G, X .
properties at the inlet conditions.

Frrst determive Hie ()rb\per'\wes-—e’&--\'\ne« %as» miyture at (F0°F, 18y )

= (2,q4,4 K; 1,225 afhu) . Use egns. (11.119) for the mixture. From

11.51

Appaddiy A o= 2.oszxxo'€%/ms , ko= 0-02629W/mK. o

CHq..) CzHé use (11.116) (11.116)

ciR) 64 K Mets) e L2u \N/w("'*/ms)
CHy 3958 148.6 |6.04 L9B) IP Loz w108
[

C2Hg 4443 2453 3o0.07 .365 1.26® G.%00¥|0

and Growe Heo yiven data . kcu‘:o.ozzﬂ \dluK, \"C-LM: o.oon;‘%(

by (11.118). To Cow»\onfe 4) Lt Op=", Cr\4=2, CoPe= 3. The

Ay )
resulle are: P, = 09328 , P,=1.484 b, =147,

P, =lLois | ¢, =0?2%, &,, =0-66As
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&fwma the srums an the dewominators of (11.119ac) as

32‘7 Yyidyy , we bae: = =06 2,=1.084, T =07592.

Th«s,
e %(0‘743X2 031-) (o. 103)(1 10z) . (o. |5”4-)(o 4%0) £xi5°

= 13\ x 1% l%/ms¢

k, = 0.0263 W/uK=-

(A) Use eqn. (3.25): A¢=(L/D)(P“3v/z)g, Mgy = ri«/s,A where
n‘q./y=o.ooé S’—tg/s =120 X160 ¥ M3/ ant A= 27(3 \ i = ?.13:‘15"—“’;
50 HhX Moy =228 M/, The donsiby o} e mizhre i, by
(12-8) awdh the ideat 4 Lawy LN = 30.06 [‘3/"‘5‘““’&
Jo-(nonz.z,s‘)(l’ns')(%o0031(83'4-3)(7—"44’)—1G'Z4lc3/u3 The
Ko&ﬂs nvmber Ao . Re,= (1.524)(2.28 )(3p, )(0.0250)/ (1:#1%16)

=202'O/ bamd«a, zekw\..\ua,r". F(om F(8_7,6, g: é4/2¢o=0.o3l?
so: Byp= (% )((..;ﬂ)éz.sai) (0.0317) = | F Z N2 = 2.49215 ps. a—

The yressure drop 4o zw—hv*d‘aw ne%ﬁi?;w

) At the end of to hie we shoutd hiave Lully develoyped.
Lawmar £low: Nu=436®,eqn.(7.21), From Ex. 7.1 and
eqgn. (7.21) 4‘4\0“ qw .
To (LY= 204K + 575 Ou“'% o L=s
Now, w/k = kfpcel = Yjep. qu Ayp- A, Cp, = 1.8 Tlug X

cud  Cp = Zmicy, _—1—2% CoMi= 119 Tllg K. This:

T, (enit) = 294.4°K + i” 3500025 |, 4(S) }
" o 46 (0.0253) +(236)(3/e’)(15‘z4»)(m‘a)

= 294.4°K +0.09942 gq ,
The watt beat Lluy 4 o, =(0BW/u ) D =0.2)1(% )02
= /0SS 3 W/ua”( s ot

T, leyid)= 399 K=
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11.52 3.> Show that k = (5/2)Kcy for a monatomic gas. b.) Obtain
Euken’s formula for the Prandtl number of a dilute gas

Pr = 4y/(9r - S

c.)> Recall that for an ideal gas ¥ = (o + 2)/D where D is the

number of modes of energy storage of its molecules. Obtain
an expression for Pr as a function of D and describe what it
means. d.) Use Eucken’s formula to compute Pr for gaseous

Ar, N, and Ho0. Compare the result to data in Appendix A
over the range of temperatures. Explain the results obtained
for steam as opposed to Ar and N>. (Note that for each mode
of vibration there are two modes of energy storage, but that
vibration is normally inactive until T is very high.)

©) The GQMPLir a,PPmoL\. a5 4o divide ean. (11.116) into (11.117)
k= (o 0H3I228

26613’)(!0'6‘)( ) (2”‘3"'043/'“&)‘)( )

For aa monatomie 3&9
cv=2(R/M)  onwd E(2R°)=zui® mo“’:r/ufk

naeafore) compare to
s . (6.45¢cd
k = > }A‘w -y— egns. ( cd)

(b) The Euken corvechion (11.118)qives
K = cw s )#Cp

- €r-=-(/»cf/b) 0. b =(FE2) -

©) &Lq«u«'u& tie epyression stated ambo Euben's Lorwude
Lor G, we hane: O - Al(D+2)
4(p+2)-SD
- tends +o unitg- as- O becomes farp , as for compler
mAecnles and ot hiqh femperature whew vibrationaQ wodes
become wore M‘oar’l'a.nt.
A) The volue L'e musX o wuic-ie&. Forr monafowic
A, D=2 (2 bauslationsl modes-) S0 = /3 amdk frr = .

For diatowmic Np we add two rotatonsd modes, DS and
krr=7'/s" s [r=18/3g=14/19. for h-iatomic H0, we have

o acﬁdi-l»-'ov‘o? r’o-i'a,-l-iona,q modb, so D ie at leagA 6. andd

Pr = 16/21. H,0 may also be more susceptible to vibrational modes.

= Z(&—) -—
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Ar N, H.O

T K] Pr T K] Pr T K] Pr

Eucken - 0.666 - 0.737 - 0.762

Data 100 0.692 100 0.738 373 1.018
200 0.669 300 0.721 473 0.961
300 0.667 500 0.709 573 0.941
400 0.666 800 0.707 673 0.924
500 0.666 1200 0.712 873 0.899
700 0.665 1600 0.715 1073 0.882

The Eucken relation predicts the data for argon to within 4% at 100 K, but within 0.5% or
better for T2 200 K. For nitrogen, the agreement is within 4% over the entire temperature
range. For steam, the disagreement ranges from 16% to 34%; coupling between rotational
and vibrational modes may be a factor.
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PrOBLEM 11.53  Three simplifications of the Maxwell-Stefan equations, (11.139), lead to
an effective, binary Fickian diffusion coefficient, D;,,,. (a) Show that Blanc’s law, eqn. (11.109),
applies when species i at low concentration diffuses into an otherwise uniform mixture. (b) Show
that if D;; has the same value for each pair of species and the mixture is ideal, then D;,, = D;;.
(c) Show that if species i = 1,2, 3, ...,n — 1 all have low concentrations, then D;,, = D; ,, where
species n is the dominant species (or solvent), as stated in eqn. (11.110).

SOLUTION

a) Because species i is dilute (x; < 1), it may be considered ideal, with 3; = 1. Then [}; = 6;

j’
from eqn. (11.137b). The Maxwell-Stefan equations, (11.139) are

n—1 n 7 7
xi‘6' - x]Jl
Z LijVipxj = Vppx; = Z D
j=1 j=1 L
and because species other than i are approximately uniform, J; = 0 for j # i:
n 7 2 n
x:J; J: X;
J1 i i
V==Y, ot =35
P - )
21 Pij ¢ oDy
J#i J#i

j=1"1
J#i
where "
-1 X; Answer
Dim = D, T
j=1"4
J#

b) For an ideal mixture (such as an ideal gas mixture), I;; = §;;. The Maxwell-Stefan equations,
(11.139), reduce to eqns. (11.129b). Then

Z g
VT X; = e—
Pl ..
j=1 CDU

so that .
Ji = —cDijVIpxi = —cﬂ)imVpri
with

Answer
2)im = Bij D —
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c) Because species 1,2, 3,...,n — 1 have low concentrations, they behave as ideal: [; ji= i je
The Maxwell-Stefan equations again reduce to eqns. (11.129b). Further, with x; < x,, = 1
for i # n, many terms are negligible:

j=1 3] j=1 3]
n 4 >
~ Z J _ Xnd;
- 1
o1Pij  Dipy
i
- CDi,I’l
and so
> X Answer
Jy=—eD \Vr,x; iFn e—
We see that D, = D; , = D, .
384
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PrOBLEM 11.54 A dilute solute A in a liquid solution diffuses down the gradient of the
chemical potential, u,4, because a gradient in potential energy causes a force per mole of A.
Compute this force and combine the result with the molar form of Fick’s law to derive the Einstein
relation, eqn. (11.111). Note that the Einstein relation considers the force per molecule and that
R° = kgN,, where N, is Avogadro’s number.

SoLuTION The gradient in potential energy, or chemical potential, provides the force that
drives the diffusion of a solute A against the opposing drag of the solvent molecules. From classical
mechanics, the force F resulting from a gradient in a potential energy E is

F=_VE orin1.D F=_3%E
dz

In the case of a dilute solute, the potential energy is the chemical potential of species A in J/mol,
eqn. (11.131):

pa(xX) = i + R°TIn(xy)
The force driving species A down the potential gradient, against the drag of solvent B, is then

d,LlA _ _R°deA
dz x4 dz

FAB = — (*)
in units of N/mol, as given by eqn. (11.134). The drag force of the solvent on the solute is equal
and opposite the force caused by the potential gradient (i.e., acceleration is zero).

From here, we use the molar form of Fick’s law, eqn. (11.30), taken as an empirical premise:

dxA
Jy = —cDyp——
A CZAB~4,
Combining these equations,
R°T Uy
Eap = — 20— (%)
AP 7 ey Dyp

Further, we recall that J, is defined by eqn. (11.23) as

Ja =cavg —v%)
We put this into eqn. (**), and also notice that Einstein stated the drag per molecule, 4 = F45/Ny:

_ kgT(vy — V")

E
A Dyp

To complete the calculation, we note that solute A is dilute, so that eqn. (11.22) gives v* = vp:

£ = kgT(va — UB)
=24 "B
Das
The velocity difference is just 04 in eqn. (11.111), so we can rearrange to finish:
Answer

Z)AB = kBT(ﬁA/FA) D
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PrROBLEM 11.55 In Section 11.11, we evaluated the drag on one species as it diffuses past
another. Show that this force also leads to the Einstein relation, eqn. (11.111). Note that the Einstein
relation considers the force per molecule and that R° = kzyN,, where N, is Avogadro’s number.

SoLUTION We evaluated the drag force on the diffusing solute A by the solvent B, per unit
volume, in eqn. (11.126):
xaXp(a — Up)
Dyp

Jap = (cR°T)
Since species A is dilute, xg = 1; and ¢; = x;c:

¢;R°T(vy — vp)
fAB =

Dyp
Einstein’s relation gives the drag force F4 per molecule (not per mole). The number of molecules
of species i per unit volume is ¢;N,4. Dividing
_ R°T(vs —vp) _ kgT(va — vp)
NyDyp Dyp
With 04 = v4 — v, we obtain the final result

Fy

Answer

Z)AB = kBT(ﬁA/FA) D ——
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PrROBLEM 11.56  Consider a solvent n that contains n — 1 dilute solutes with x; < x,, = 1.
(a) Work Problem 11.53c. (b) Show that 0% = Un ~ U if the solutes are dilute. (c) Suppose the
solutes are charged ions, such as Na* and CI~ for table salt dissolved in water. An electric potential
gradient, —V ¢, applied to the solution will create a force per mole of ion, —z; F V¢, where z; is the
ion’s valence (+1 for Na* and C17) and & = 9.6485 X 10* C/mol is Faraday’s constant. Starting
with the Maxwell-Stefan equations, derive the Nernst-Planck equation:

— - f
N; = —¢D; ,Vx; + ¢iu, — Ci@i,nziﬁqu5

SOLUTION
b) With eqn. (11.22), if x; < x,, = 1,

Sy - = o S 4
cv* = Zcivi = CZ XiU; & cX,U, = CUy,
i i
so U* = u;. With eqn. (11.16), if m; < m,, = 1,

P8 =D pil; = p Y, mil; = pmy,Uy, = B,
i i
s0 U = U, = U*. Note that this condition implies that J, = ¢,(v, — v*) = 0, by eqn. (11.23).

c) We add the electrostatic force to the left-hand side of eqn. (11.138):

"o — X,
—ciV,ui - CiZi.rfrVQb = —CR°T Z % (*)
j=1 L

In other words, we add the electrostatic force to the chemical potential driving force per unit
volume, —c;Vu;, and equate the sum to the drag force from other species.
For dilute solutions, we have the same simplification as in Problem 11.53c, so that

- - N
o Xl — X Ji
=1
J CDij CDl' n

3

114

and because dilute solutions are nearly ideal
¢;Vu; = cR°TVx;
Putting these modifications into eqn. (*)
R°T-
—cR°Tin - CiZi?V¢ = _Jl
D i,n
or

> F
Ji = =Dy VXi — CiDinZigom Ve
From part (b), 0* 2 T, = 0. Then, with N; = J; + ¢;0* = J; + ¢;0, and D, ,, = D, , from

Problem 11.53c,

Answer

— g ?
M = —CDl,anl + clvn - chl,nZlRoTv¢

The Nernst-Planck equation is widely used in the study of electrochemical systems. The
terms on the right-hand side represent diffusion, convection, and electromigration.
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PrOBLEM 11.57 A liquid mixture of acetone and methanol sits at the bottom of a Stefan tube
that is 23.8 cm tall. The top is swept by a flow of pure air. Let species 1 be acetone, species 2
be methanol, and species 3 be air. The temperature is 328.5 K, and the pressure is 745.2 mmHg.
The mole fractions just above the liquid are x; ¢ = 0.319 and X, = 0.528. For these gases,
Dy, = 0.0848 cm?/s, D13 = 0.1372 cm?/s, and D,3 = 0.1991 cm?/s [1].

a) Write the Maxwell-Stefan equations as a matrix o.d.e. for the vector X(z) = {x;(z), x,(2)}.
What is the mole flux of air, N3? What are the boundary conditions at the liquid surface
(z = 0) and at the top of the tube (z = 23.8 cm)?

b) Use the software of your choice to solve your equation from part (a) and plot the three
concentrations as a function of z. Note that the mole fluxes N; and N, are not known, so
that the equations must be solved iteratively to determine value correspond to the boundary
condition at the top of the tube. [Ans: N; = 1.782 X 1077 mol/cm?s, N, = 3.126 X
10~7 mol/cm?s.]

c) If part (b) seems too complex, instead use the answers given for part (b) to solve the equations
as if the fluxes were known. Does your solution meet the boundary conditions at the top of
the tube? (It should.)

d) Does J,;;, = 0 at z = 0?7 Explain.

SOLUTION

a) Only two of the three MS equations are independent because ) x; = 1. Further, in a quasi-
steady system, the mole fluxes are constant along the length of the tube. And, because air
does not pass through the liquid surface, N5 = 0.

Equations (11.129a) can be written for x; and x, as

0
d le’ - xle xX1N, — x,NV; xIN{— x3N;
C—xl = Z D = +
1j

dz o Dy, D13
0
24 23: 0N =GN XN =N, + X2 — X3N,
dz? = Dy D3
But X3 = 1-— X1 — Xy andDij = Bji’ SO
d _ x1N2 — x2N1 (1 — X — XZ)NI
12 13
N N; N; N, N;
n(d om0
Dlz D13 D13 D]_Z B13
d XN —-xN, (1-x3—x)N,
12 23
N, N N N\ N
=x1(_2__2)+x2< L+ 2)— 2
Dlz D13 Dlz D23 B23
388
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And in matrix form, these equations are

N NN N
d (x;\_ [Pz Pz D1z DPp
dz ( )_ N _ N NN
=X Dy, Dz Dy Dy

or just

The boundary conditions are

0.319 0
X_(O.SZS) atz =0, X—<0>

b) An example of appropriate code follows, using MATLAB.

Answer

Answer

atz=23.8cm —

1 % Solve ODEs iteratively to find fluxes that match bc: x1 = x2 = 0

at top of tube

%

% xi = mole fraction;

% D_ij = MS diffusivity [cm*2/s]
% N(i) = mole flux [mol/cm”*2-s]

O 00 N O v »h W N

global zmax

% species 1 = acetone; species 2 = methanol;
% Carty & Schrodt had: N(1) = 1.779e-7, N(2)

species 3 = air

3.121e-7 [mol/cm”*2-s]

10 zmax = 23.8; % length of Stefan tube [cm]
11
12 % iterative root finding: get fluxes that make top-end mole

fractions zero.
13 fun = @root2d;

14 NO = [0,0]; % initial guess for fluxes
15 options = optimset('Display','off'); % don't show fsolve message
16 N = fsolve(fun,NO,options) % iteratively solve ODE system in fun
17

18 [x1,x2,x3] = Conc(N) % display final solutions

19

20 % Plot results and save as a pdf file

21 clf

22 fplot(x2, 'LineWidth',2);

23 ax = gca;

24 ax.FontSize = 16;

25 xlabel('Distance from surface, z [cm]")
26 ylabel ('Mole fraction')

27 axis ([0 zmax 0 11)

28 grid on

29 hold on

30 fplot(x1, 'LineWidth',2)

31 fplot(x3, 'LineWidth',?2)
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32
33

34
35

36
37
38
39

40
41
42
43
44
45
46
47
48
49

50
51
52
53
54
55

56
57
58
59
60
61
62
63

64
65
66
67
68
69
70
71
72
73
74
75

legend ('Methanol', 'Acetone’', 'Air', 'Location', 'northwest')
print('Ternary_Stefan_tube_concentrations', '-dpdf', '-r600'); % 600
dpi, pdf

%% function that evaluates mole fractions at zmax as function of
flux vector N
function F = root2d(N);
[x1,x2,x3] = Conc(N);
global zmax;
F(1) = double(subs(x1,zmax)); % convert symbols to numbers for
fsolve
F(2) = double(subs(x2,zmax));
end

%% function that solves M-S odes for given values of flux vector N
function [x1,x2,x3] = Conc(N);
% data reported by Carty & Schrodt (1975)

D12 = 0.0848; % cm"2/s
D13 = 0.1372;
D23 = 0.1991;

cden = 3.6375e-5; % molar density [mol/cm3] calculated for their
conditions

% initial conditions (bottom boundary condition)
x10 = 0.319; % solution is very sensitive to these ICs.
x20 0.528; % ICs are mole fractions above liquid surface.

% Maxwell-Stefan equations in matrix form, after eliminating egn

for x3
B1 = -N(1)/D13;
B2 = -N(2)/D23;
A11 = N(1)/D13+N(2)/D12;
A12 = N(1)*(1/D13-1/D12);
A21 = N(2)*(1/D23-1/D12);
A22 = N(1)/D12+N(2)/D23;

% https://www.mathworks.com/help/symbolic/solve-a-system-of-
differential -~equations.html

% X' = AX+B

sympref ('FloatingPointOutput', true);

syms x1(z) x2(z) x3(z)

X = [x1; x27;

A = [A11 A12; A21 A22]/cden;

B = [B1; B2]/cden;

C = X(0) == [x10; x20]; % initial conditions
odes = diff(X) == AxX + B;

[x1Sol(z),x2Sol(z)] = dsolve(odes,C);

% solutions for yi(z)
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76 x1(z) simplify(x1Sol(z)); % acetone

77 x2(z) = simplify(x2Sol(z)); % methanol
78 x3(z) =1 - x1(z) - x2(z) ; % air
79 end

The computed results are shown in Figure 1. The code returns N; = 1.782x10~7 mol/cm?s
and N, = 3.126 X 10~7 mol/cm?s.
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Air
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T
|

T
|

0.7

10
©
(o))
T
|

©
N
T
|

©
[N
T
1

0 Il Il Il Il
0 5 10 15 20

Distance from surface, z [cm]

FiGUure 1. Concentration distribution of ternary gas mixture in Stefan tube, com-
puted from Maxwell-Stefan equations. Liquid mixture of acetone and methanol (at
z = 0) evaporates into tube swept by pure air at the top (z = 23.8 cm).

c) The simpler code follows. The results are almost exactly the same, and the top boundary
condition is well met.

% Values reported by Carty & Schrodt (1975) in cgs units

% 1 = acetone; 2 = methanol; 3 = air

% y = mole fraction; N_i = mole flux; D_ij = MS diffusivity;
N1 = 1.779e-7; % mol/cm”*2-s

N2 = 3.121e-7;

D12 = 0.0848; % cm”2/s
D13 = 0.1372;
D23 = 0.1991;

O 0 N O U1 A W N
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10

11
12
13
14
15
16
17
18
19
20
21
22
23
24

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54

cden = 3.6375e-5; % molar density [mol/cm3] calculated for their
conditions

y10 0.319; % the solution is very sensitive to these ICs.
y20 = 0.528;
zmax = 23.8; % length of Stefan tube [cm]

% Maxwell-Stefan equations in matrix form, after eliminating x3
B1 = -N1/D13;
B2 = -N2/D23;

A11 = N1/D13+N2/D12;
A12 = N1%(1/D13-1/D12);
A21 = N2%(1/D23-1/D12);
A22 = N1/D12+N2/D23;

% https://www.mathworks.com/help/symbolic/solve-a-system-of-
differential -~equations.html

% Y' = AY+B

sympref ('FloatingPointOutput', true);

syms y1(z) y2(z) y3(z)

Y = [yl; y21;

A = [A11 A12; A21 A22]/cden;
B = [B1; B2]/cden;

C =Y(0) == [y10; y201;

odes = diff(Y) == AxY + B

[y1Sol(z),y2Sol(z)] = dsolve(odes,C);

y1Sol(z) = simplify(y1Sol(z))
y2Sol(z) = simplify(y2Sol(z))
% Air mole fraction can be obtained from y1 + y2 + y3 = 1

y3(z) =1 - y1Sol(z) - y2Sol(z);

clf

fplot (y2Sol, 'LineWidth',2);
ax = gca;

ax.FontSize = 16;

xlabel ('Distance from surface, z [cm]")
ylabel ('Mole fraction')

axis ([0 zmax 0 11])

grid on

hold on

fplot (yl1Sol, 'LineWidth',2)

fplot (y3, 'LineWidth',2)

legend ('Methanol', 'Acetone','Air', 'Location', 'northwest')
print('Ternary_Stefan_tube_concentrations', '-dpdf', '-r600'); %
dpi, pdf
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d) We now know that N = N; + N, = 1.782 X 1077 + 3.126 X 1077 = 4.908 x 10~/ mol/cm?s.
We also know that N; = N,;, = 0 and that x; = x,;, =1 —0.319 — 0.528 = 0.153 at z = 0.
Thus

0
Tur = J5 = N§— X3N = —(0.153)(4.908 x 10~7) = —0.751 x 10~7 mol/cm?s

The diffusional flux of air is not zero because the net mass transfer away from the surface
produces convection. Because the air mole flux at the surface is zero, the concentration
gradient will have steepened until air diffuses toward the surface at just the rate it is being
convected away from the flux.

Comment I: The linear differential equations can of course be solved analytically (as an initial
value problem from z = 0), but the boundary conditions at the top must still be matched by a
correct choice of the mole fluxes. MATLAB returns the following equations for the concentration
profiles with the correct fluxes, for z in cm:

x; = 0.3631 — 0.0020 €*1°91% — 0.0421 £0-07892
x, = 0.0020 %1512 — 0.1109 997892 4 0.6369

x3 = 0.1530¢%-07892

Comment 2: The curves are plotted in Fig. 2 with one of the data sets from Carty’s dissertation

(Table 1).
TABLE 1. Data from Carty’s Ternary Run T-5 [2]
Position [Cm] xacetone xmethanol xair
4.472 0.2684 0.4568 0.2748
6.954 0.2515 0.4574 0.2911
9.437 0.2332 0.4218 0.3450
11.920 0.2205 0.3799 0.3996
14.402 0.1856 0.3047 0.5096
16.884 0.1551 0.2457 0.5992
19.367 0.1137 0.1668 0.7195
REFERENCES:

[1]R. Carty and J. Thomas Schrodt, “Concentration Profiles in Ternary Gaseous Diftusion,” Indus-
trial & Engineering Chemistry Fundamentals, 14(3):276-278, 1975. doi:10.1021/i160055a025.

[2] Ronald Haden Carty, Concentration Profiles in a Ternary Gaseous Diffusion System, PhD
Dissertation, Department of Chemical Engineering, University of Kentucky, 1973.
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FIGURE 2. Concentration distribution of ternary gas mixture in Stefan tube, com-
puted from Maxwell-Stefan equations, with measurements from [2].
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PrOBLEM 11.58 A simple model of an ablating heat shield assumes that ablated material is
rapidly removed without effecting the flow and that the aerodynamic heat flux, q,,, iS constant.

a) If the shield is at T, when heating starts at ¢ = 0, how long until the surface reaches the
ablation temperature, T, for either melting or sublimation?

b) Once ablation starts, assume the surface recedes at a constant speed, V. Find the temperature
distribution in the material below the surface for t > t,. Hint: Change to a coordinate
n = x — V,(t — t,) attached to the receding surface, and ignore the initial distribution of T.

c) Use an energy balance to determine 1/ in terms of material properties and q,e,-

d) What combination of material properties best reduces the heat conducted into the heat shield?

Heat Shield

surface, [,

o« i<,
surface, t > t
) / a

anI’O

<
)

SOLUTION

a) Using eqn. (5.56), the time to reach the ablation temperature, ¢, is

qaero ata
T, = T + 2% [Za
a 0 k T

or

(Ta — TO) 2 Answer
a I D —

_g[kwa—To) :

T
Bl 2qaer0 B Z(kpcp) [

(04

qaero

b) The governing equation is simply the 1D unsteady heat conduction equation

oT _ adzT
dt  ~dx2

where: X is measured from the initial position of the surface; T — T, as x — oo; and

T = T, for x = V,t. The last boundary condition is at the ablating surface for t > t,. Define
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a similarity coordinate, x — V;(t — t,), which is attached to the receding surface. Then
0T JTodny dT
& " ama Ty
oT 0Todn dT
9x  dnox dp
9*T dn d oT d°T
ox " axondy  dp
so that . P27
% =
Integrating once (use the trick y = dT/d» to do this)
where C is a constant. A second integration gives us (collecting constant terms)
T(n) = C1 + Cyexp(=Van/a)
The surface is at » = 0 where T = T, and for n — oo, T — T,. Applying these conditions

Answer
T(n) =To + (T, — To) exp(=Vgn/a) «——
c) At the surface, g, is divided between conduction into the material and the latent heat of
melting or subliming (call this L in J/kg). Material is removed from the surface at a rate of
oV, in kg/m?s. Then

oT
Qacro = —k—= + ‘OLV(;

on §=0
and the first right-hand side term is
or
Qcond = _k% = _k(Ta - TO)(_‘{I/OC) = +pcp(Ta - TO)‘{l
7=0

so that

_ Qaero Answer

= o (Ta— T + 1]
d) The heat shield should prevent heat from being conducted into the spacecraft behind the
shield, so the following ratio should be low
Qcond _ p‘{lcp(Ta - TO) _ 1 Answer
Qaero a p‘{l[cp(Ta - TO) + L] a 1+ L/Cp(Ta - TO)
Thus, to ensure that geong < Guero» the shield material should have L > ¢,(T, — Tp). In
addition, V; should minimized, which favors high values of both pL and pc, (T, — To).

Comment: The initial condition for the moving surface problem should be the temperature dis-
tribution of the solution of part (a) at t{,. We have not provided an equation for that temperature
profile in the text, but it is [2]

T(x, ta) = TO + k

anero V atg ierfe ( X
24/at,
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where ierfc is an integral of the error function, also tabulated as a special function. This profile is
similar to a decaying exponential function in x. Since we know £, from part (a), we can do some
algebra to show

T(x’ ta) _ TO _ .
—(Ta — Ty \/7_rlerfc<

- ) *)
24/at,
where we note that ierfc (0) = 1 / ﬁ

On the other hand, evaluating the result of part (b) at n = x — V (¢, — t,) gives a different

decaying function of x
T(x,ty) = Ty + (T — Tp) exp(—V;x/a)
or
T(x,t,) — Tp
(Ta - TO)

Equations (*) and (**) both go from 1 at x = 0 to 0 as x — oo, but they are otherwise different
functions. We cannot do a detailed comparison unless we choose a specific material. Given that
we have already made the vast simplification of a constant heat flux, the smaller difference in the
shape of the initial condition is not very significant.

= exp(—Vgx/a) ()

REFERENCES:

[1] P. M. Sforza, “Thermal protection systems.” In P. M. Sforza, ed., Manned Spacecraft Design
Principles, Chapter 9, pp. 391-452. Butterworth-Heinemann, Boston, 2016. doi:10.1016/B978-0-
12-804425-4.00009-X

[2] H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd ed., Oxford University
Press, 1959, §2.9.
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